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(and their solutions) 
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150+1 PROBLEME (si solutiile lor) 
CUVANT INAINTE 


Cartea se adreseaza elevilor de gimnaziu si liceu, profesorilor si 
celor pasionati de matematica, continand 150+1 probleme, urmate de 
solutii, pentru a fi mai usor savurate de cititor. 

Ultima problema (150+1) foarte interesanta lasa loc de comentarii 
si generalizari. 

Lucrarea este o colaborare dintre o eleva multiplu medaliata la 
Olimpiada Nationala de Matematica a Romaniei (Carina Maria 
Viespescu, eleva in clasa a X-a la Liceul International de Informatica din 
Bucuresti), un profesor de la Colegiul National Fratii Buzesti din 
Cravioa si prof Dr. Emerit Florentin Smarandache de la University of 
New Mexico. 

Cateva probleme sunt propuse de colegi, iar numele si afilierea lor 
este precizata in notele de subsol. 


Autorii 


150+1 PROBLEME (si solutiile lor) 


Problema 1! 


Se considerad numarul 
(1895 - 1896 - ---» 2020)4 
a 125 
a) Determinati ultimele 125 de cifre ale numdrului A. 


b) Determinati ultima cifra a numdadrului 


A 
a Laon 
unde notatia [+] reprezinta partea intreaga. 


Solutie 


a) Notand cu v,(n) exponentul factorului prim p in 
descompunerea numarului natural nenul n in produs de puteri de 
numere prime, avem: 


= El + bal alt w 
vy(n!) = |-| + |] +]—s] 4+--, 

Dp p p? p3 

suma din membrul drept avand un numar finit de termeni nenuli, 
intrucat pentru orice n € N* exista k € N astfel incat p* <n << p**?. 


; 2020! ; 
Fie C = 1895: 1896:---: 2020 = 79041" Folosind formula 


(1), obtinem v,(C) = v.(2020!) — v, (1894!) = 32 si 
V2(C) = vz(2020!) — vz(1894!) = 126. 
Deducem ca vs(A) = 4v.(C) — 3 = 125, respectiv 
V7 (A) = 4v5(C) = 504. 
Caurmare, A se divide cu 10125, deci ultimele 125 de cifre ale lui A sunt 
egale cu o. 

b) Din calculele precedente, C = 217° -53*- k, iar B = 2379 - k+, 
unde k este un numar natural impar care nu se divide cu 5. intrucat 
ultima cifra a lui k este 1, 3, 7 sau 9, rezulta ca ultima cifra a lui k* 
este 1. Asadar, ultima cifra a lui B este ultima cifra a lui 2379 = (2*)"* - 
23, adica 8. 


‘ Problema dedicata a 100 de ani de existenta a ,,Gazetei Matematice”. 
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Problema 2 


a) Aratati cd exista 140 numere naturale distincte L1, Lz,+++, L449 


astfel incat 
Ly Lz wl 1439 + L440 
Ly Ls L440 [4 
sa fie numar natural. 
b) Aratati ca exista 1882 numere naturale distincte 
F,, F,, ory Figg astfel incat 
Biel ta Fiss1 | Fissz 
Fy F; Fige2 Fy 


sa fie numar natural. 
c) Aratati ca exista 2022 numere naturale distincte astfel incat 
B, By a Boo21 + Bo022 
B, B; B2022 B, 
sa fie numdr natural. 
Solutie 
a) L, =1,Ly = 139, Ly = 1392, +, Lugo = 13912? 
b) F, =1,F) = 1881, Fz = 18812,---, Figg2 = 18811881, 
c) By =1,B, = 2021,Bz = 20212,---, Boggy = 2021271, 


Problema 3 


Aratati ca: 


1882 «2022 


A = 1882 + /18822 — 140 + /20222 — 140 + 2022 < ai 


Solutie 


Avem: 
A < 1882 + 1882 + 2022 + 20022 <4:2022 < 
Z 1882 «2022 


140 deoarece 4: 140 < 1882 


150+1 PROBLEME (si solutiile lor) 


Problema 4 


Demonstrati ca: 


1 1 1 
a) + + 


1 
140° 141 > 142* + taqz 7! 
1 1 


b) 1 


c) 


1 
1882 ‘1883 ' 1884 * 1ea22> 


1 
Peg pe Ree Op ee | 
2022 ¥ 2023 bs 2024 i 2022? . 


Solutie 


Vom arata ca pentrun € N,n = 2 avem: 
iy 
n nt+1 n+2 
Intr-adevar, pentun+1<m<n*-1,meEN> 
1 1 


=> —>-> siatunci: 
min 


it 
+t 5>1 
n 


Ef ee ee ee 
n nt+t1 n+2 n= n nn? n? nz 
eee ae ‘ 
“n nz 
Problema 5 
Demonstrati ca: 
1 1 1 
ee Ba ore ae ee ee 
18822-18832 18832-18842 20212 - 20222 
140 
< ———— 
1882 «2022 
Solutie 
Deoarece: 
ee a : —— (V)n € N* obti 
1 3 as n obtinem: 
nz-(n+1)2 n(n+1) n n+1 


1 1 1 1 1 1 


a oe a Hy 
1882 1883 s: 1883 1884 ae) 2021 2022 
1 1 140 


~ 1882 2022 1882-2022 
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Problema 6 

a) Fie x,y € Rastfel incat: 

(x + Vx? +1) (y + Vy? +1) = 140. 
Aratati cA 141(x + y) = 139(vx?2 +1+./y? +1). 
b) Fie x,y € Rastfel incat: 

(x + x? +1) (y + Vy? $1) = 1882. 
Aratati cd 1883(x + y) = 1881(vx? +14 /y? + 1). 
c) Fie x,y € R astfel incat: 

(x + x? +1) (y + Jy? $1) = 2022. 


Aratati cd 2023(x + y) = 2021(vx? +14 Jy? + 1). 


Solutie 
Vom arata ca daca 
(x+ x? +1) (y+ Jy? #1) =a > Oatunci 
(a+ 1) +y) =(a-1)( a + /y? +1). 
Intr-adevar x +Jx?41= iy =a(/y?+1-y) 
si analog y + Jy?t+1= = a(vx? +1 —«x). Adunate, cele doua relatii ne 


duc la relatia ceruta. Pentru a = 140,1882,2022 se obtin a), b) 
respectiv c). 


Problema 7 
Aratati ca 140!, 1882!, 2022! nu sunt patrate perfecte. 
Solutie 


Pentru 140! avem ca cel mai mare numar prim < 140 este 139 > 
exponentul lui 139 in 140! este 1 > 140! nu poate fi patrat perfect. 

Pentru 1882! avem ca cel mai mare numar prim < 1882 este 1879, 
el se gaseste doar o data in 1882! > 1882! nu poate fi patrat perfect. 

Pentru 2022! avem ca cel mai mare numar prim < 2022 este 2017, 
el se gaseste doar o data in 2022! > 2022! nu poate fi patrat perfect. 
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150+1 PROBLEME (si solutiile lor) 


Problema 8 


Demonstrati ca 140!!,1882!!,2022!! nu sunt patrate perfecte, unde 
(2n)!! = 2-:4-6--+(2n),nEN*. 


Solutie 


Folosind formula lui Legendre pentru aflarea exponentului unui 
numar prim p in n!: 


vom8 = Bef LSle 


obtinem exp lui 2 in 140!! = exp lui 2 in 140! = 
=(F]+ e+ e+ +([Fl+ ee 


care este un numar impar. 

Analog procedam si cu 1882!! 

Pentru 2022!! = 21011-1011! avem 1099 cel mai mare numar 
prim < 1011 > 1009 se gaseste doar o data in 1011!: 
- 21011 = 2022!! nu este patrat perfect. 


Problema 9 


Gasiti cel mai mic numar natural n = 2, astfel incét fiecare dintre 
ecuatiile 

a) xy! +x2!+-+++x,! = 140! 

b) xX4!4+ x2! +--+ xy,! = 1882! 

OC) Xz! 4+ Xgl +--+ Xy,! = 2022! 
sa aiba solutii. 
Solutie 

Avem: 

x1! < 140! x14! < 139! 


! 1< 139! 
a X2! < 140!) 2! < 139! a. nde 
Xn! <140!] x,! < 139! 


=> x,! < 139! 
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140! = x4! +x! 4+--+x,!<n-139!5n > 140 


Pentru n = 140 avem x1 = ++: = X449 = 139 
b) n = 1882 
c)n = 2022 


Problema 10 


Aratati ca nu exista n € N*astfel incat suma cifrelor lui n! e 2022. 
Solutie 


Daca n > 6 > n! se divide cu 9. Cum suma cifrelor lui n! nu se 
divide cu9 >n <5. 
Analizand n = 1,n = 2,n = 3,n = 4 obtinem concluzia. 


Problema 11 


Aradtati ca numdrul 2021!:2022! se poate scrie ca suma a 2021 
numere naturale consecutive, dar nu se poate scrie ca suma a 2022 
numere naturale consecutive. 


Solutie 


2021! 2022! =x + (x+1)+--+(x +2020) => 


2020-2021 
=> 2021! 2022! = 2021x + ——_-——_—_ = 


= 2021x + 1010-2021 => x = 2020! 2022! — 1010. 

La fel daca presupunem ca numéarul 2021! 2022! se scrie ca suma 
a 2022 numere naturale consecutive ar trebui ca pentru x EN sa 
avem: 
2021!2022! =x+(¢%4+1)4+--+(@4+2021) = 


= 2022x+14+2+4+--+2021= 


2021-2022 
= 2022x + ——.~——_ = 


= 2022x + 2021: 1011 de unde 
2022x = 2021! 2022! — 2021-+1011 fals, deoarece 2022x este 
numiar par iar 2021! 2022! — 2021-1011 este numar impar! 
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150+1 PROBLEME (si solutiile lor) 


Problema 12 


Determinati numerele naturale nenule m sin pentru care: 


1!-2!---n! = mi. 
(S-a notat cu p!=1:2°-:-:p, unde p = 1 este un numar natural 
nenul). 
Solutie 


Observam ca (n,m) € {(1,1), (2,2)} verifica si n = 3 nu aduce 
solutii. Cautam n > 4. 

Fie p cel mai mare numar prim cel mult egal cu m. Atunci m < 
2p — 1(*), astfel, daca m = 2p, postulatul lui Bertrand ne spune ca 
exista un numar prim q pentru careap < q < m, lucru care contrazice 
maximalitatea lui p. 

Dacan < p, atunci partea stanga a egalitatii nu este multiplu de p in 
timp de partea dreapta este, absurd. Atunci n => p. Dacan=>pt+1 
atunci partea stanga este multiplu de p”, deci si partea dreapta. Atunci 
m = 2p, fals. Atuncin = p sim < 2n— 1. 

Mai departe, se arata prin inductie dupa n ca pentru n > 7 avem 
1!-2!--+n! > (2n—1)!, deci n < 6. Daca n = 6, partea dreapta 
este divizibila cu 7 (pentru cam > n) in timp ce cea stanga nu. Cazurile 
n = 4,5 se verifica direct si se observa ca nu genereaza solutii. 


Problema 13 


Calculati V2022+a*—v1882+a?  dacé&: V2022+a?+ 
V1882 + a* = 140. 


Solutie 


2022 + a? — 1882 — a’ 
2022 + a2 + J1882 + a? = ——_______________ = 
2022 + a2 — V1882 + a? 
140 


ano 
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Problema 14 


Sirul (ay), n € N* este definit astfel: 
an y 
2 daca n e par 


@ = 5, Ona = Ay ol 


daca n e impar 
Calculati A440, A1gg2 $i 42022- 
Solutie 
Cum a, = 5, az = 28,a3 = 14,a, = 7,a5 = 29,a, = 40, 
a7; = 20,ag = 10,a9 =5 si se observa (inductie) Agmsy = Ap 
(periodic de perioada principala 8). 
Cum 140 = 17-:8+4 


1882 = 235-842 
2022 = 252-8+6 


A449 = 7 
asadar 4Q1igg2 = 28 
A2922 = 40 


Problema 15 
Aratati cd nu exista a,b € Z astfel incat 
(a+ b + 2)1882 = 2022(ab + 1)14°. 
Solutie 


Cum 3|2022 >a+b+2:3siab+1 : 3 relatiice nu pot exista 
simultan pentru a,b € Z. 


Problema 16 


Fie a,b,c € N* astfel incat 
(a+ b)?** = (b+ c)*t4 = (c +a). 
Arataticda = b=c. 
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150+1 PROBLEME (si solutiile lor) 
Solutie 


Fiea+b=x,b+c=y,c+a=z. 

Deoarece x” = y* = z* vom aratacax = y =z. 

Presupunem x < ysidinx” = y* >y>zcum 
y=2z* >z<xsidinz* =x” >x>y fals. 

Analog, daca presupunem x > y obtinem x < y (fals!) 

Asadar x = y side aicix* = x7 = z* de unde x = z. Asadar x = 
y=z. 

Revenind la enuntul problemei, gasim a + b =b+c=c+aside 
aicia = b =c, c.c.t.d. 


Problema 17 


Aratati ca ecuatia : 
xr 4 are = 7nt2 


are o infinitate de solutii in numere naturale. 


Solutie 
pane 
y=antt 


z=a"-b,undea = b"*? -1,VD EN. 
inlocuind in ecuatie, obtinem raspunsul. 


Problema 18 


Ardatati ca numdarul 
A= 5123 + 6453 + 7203 este compus. 
Solutie 
3:720:512+645 = 2: 7203 
=> A = 5123 + 6453 + 7203 = 5123 + 6453 + (—720)? = 
= 3-720-512-645 
Din formula: a? + b? +c? — 3abc = 
= (a+b+c)(a? +b? + c* — ab — bc — ca) obtinem cerinta. 
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Problema 19 


Fie A multime de numere reale cu proprietatea (V)a,b € A > a*b? € A. 
Aratati ca (V)a € A rezulta: a) at” € A; b) a1 EA 
Solutie 

ae€A>atEeArma*EAaD 
= q19 — (q4°)2(ql)2 EA sat CAs 
= 1600 © 4 = (q1600)2(q400)2 — g4000 c 4 

Din 10° = (q40°)2(q19)2 € A obtinem 
10000 — (q4000)2(q1000)2 € 4. 


Problema 20 


Fie Ay, A, °**, Azq22 numere reale strict pozitive. Aratati ca: 
2 2 2 
a | a G49 _ 1, 2 A140 
a) t+ Ste t+ ee tH t + 
ay a3 aj an Sg ay 


In ce caz avem egalitate? 
4 4 


a a a 
1 2 1882 1 Z 1882 
b) = + = + + 71 >—4+— + 

2 3 ay a2 a3 ay 


In ce caz avem egalitate? 


8 8 8 
a, a2 42022 __ 941 2 42022 
c) ete pO 
a a3 ay a, a3 a, 


in ce caz avem egalitate? 
Solutie 


Din inegalitatea Cauchy-Buniakovski-Schwarz: 


a, a2 an 
pentru — =— =: =— deundea, = az =": =p. 
a, a3 a4 


Pentru n = 140 obtinem a). Pentru b) si c) se procedeaza ca la a). 
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Problema 21 


Rezolvati in multimea numerelor reale nenule sistemul: 


1882 _ 4.2022 
x4 tt Saggo = a +1 
x4 
1882 _ 4.2022 
x3 + —ga7 = %3 +1 
x2 
1882 4 1 = 72022 44 
140 Tes2 ~ *1 
140 
Solutie 
Din 
1882 
Xk zs 1882 es 
Xk 


2022 2 : oq 
=> X~ °° 2 1de unde xy = 1 side aici = < 1. 


x 
k 
Adunand membru cu membru ecuatiile sistemului, obtinem: 
1 1 

1882 1882 1882 = 

x4 + x3 + +++ X446  Saeaz ¢pieee) 2 Steen = 
1 2 140 
= 2022 4 2022 4... 4 2022 4 1.40, Cum xf882 < 202? gi 
1 pene! 1 
i Sei yl882 — 12022 = 

1882 < 1,k = 1,140 gasim xj,.°°° = xj°** si i882 = 1 

k k 
de unde x? = 1,k = 1,140 de unde x1, x2,°*+, X49 € {-1,1} 
(in total 214° solutii). 


Problema 22 


Numerele strict pozitive 1, @ ,b1, b>, C4, C2 verificé b? < 4a,c,,b2 < 
4a zC>. 
Aratati ca: 
a) 4(a, + az + 1882) (c, + cp + 2022) > (b, + bp + 140)? 
b) 4(a, + az + 2022)(c, + cz + 2022) > (by, + bp + 140)? 
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Solutie 


Din semnul trinomului avem: 

a,x? +b4x+c,20,Vx ER 

a2x? + box +c, >0,Vx ER 

1882x? + 140x + 2022 >0,vx ER 
=> (a, + a, + 1882)x? + (b, + by +140)? +c, +02 + 
+2022 > 0,Vx € Rdeunde 
(b, + bp + 140)? — 4(a, + az + 1882) (cy + cz + 2022) < 0 
adica a). 

b) Se obtin analog, considerand 
2022x* + 140x + 1882 > 0, Vx ER. 


Problema 23 
Aratati fara a calcula partile intregi: 
a) qiloge 140] <140< qiloge 140]+1 
b) 3ilogs 1882] < 1882 < 3ilogs 1882]+1 
c) 5llogs 2022] <2022< 5llogs 2022]+1 
unde [a] reprezinta partea intreaga a numarului real a. 


Solutie 


a) (A)k € Nai: 2% < 140 < 2*+1 (1) 
=>k < log, 140 <k+1 = [log, 140] = k si inlocuind in (1) rezulta 
a). 

b) (A)k € Nai: 3% < 1882 < 3*t1 (2) 
si logaritmand in baza 3 rezulta 
k < log; 1882 <k+1 = [log; 1882] =k si inlocuind in (2) se 
obtine b). 

c) Se procedeaza ca la a) sau b). 


16 
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Problema 24 


Fie z astfel incat z? + z + 1 = 0. Calculati: 


c) 72022 + 


1 
140 1882 
a) a z 7140 i b) 4 + 882’ 72022" 


ea 
Solutie 
inmultind relatia z? + z+1=Ocuz-—1>52z3 =1. 
Atunci: 
1 
140 Se: ae = (ets, 52 
a) Z + a0 = 2 Z + Has8 ga = @) a 


1 Ba a a a ea 


(z3)46 - 72 2 z2 z2 z2 
2 
—Z 
— ) =-1 
1 1 1 7241 
b) 71882 4 = 7i881.5,4 __s~ -= = 
) 71882 zi881.7 Z Z 
=-=—-=--1 
Z 
d UAE api Be oe 3)674 4 1 phe 
) Zz So a (z3)674 ~ 


Problema 25 


Fie z si w doud numere complexe nenule astfel incat z? + wz + 
w? = 0. Calculati: 


Zz 140 w 140 
J ed rar) a rer) 
Z+w Z+w 
Zz 1882 Ww. \1882 
De er MM rer 
Z+w Z+w 
Z 2022 w 2022 
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Solutie 

Daca z = w atunci 3z” = 0 adic z = 0 fals. Asadar z # w side 
aici z> — w? = 0. Obtinem z = ew, unde € este o radacina complexa 
nereala de ordin trei a unitatii 
(¢e #1sie?+e+4+1 = 0). Atunci: 


140 
wae ee _) - (at a) ~ 


~ € + i) (; + i) 


= (e410 (—¢2)140— 
ez +1 —E —E —E 


Eo ee Eee fo 
fn mod asem&nator B = 1,C = 2. 
Problema 26 
Fie a, b,c > 0 astfel incat: 
1 1 
ao peo” cho 


: ok, Sd 
Aratati ca: -+—+—-2 3. 
a boc 
Solutie 


Din ipoteza rezulta ab + bc + ca + abc < 4 
ab +bc+ca+tabc 
\ (abc)? < ————————— = 1 > abc € 1. 


4 
Dhet Sa 
a b oc Jabc|> 
siabc <1 


: 111 
=> obtinem —+—+-23 
a bc 


cu egalitate pentrua = b=c =1. 
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Problema 27 


Fie x, y,Z > 0 astfel incat 
1 1 1 


——— + ——_ + ——_ 32 
2x+1 2y+1 2z+4+1 
Lt i 

Aratati ca —+ —+-—2 12. Ince caz avem egalitate? 

x yy Zz 

Solutie: 

: 1 
Efectuand calculele obtinem a Sxytyz+ zx + 4xyz 
1 
cum 7 > xy tyz+z2x + 4xyz > 44/4(xyz)3 = 


Ze 1 st 
=> _—S 
XYZ = 56 past 


ec a ee ee 
Apoi -+-—+-23 /—2 3726 = 12. 
a XYZ 
1 


Eg cand xy = yz = 2x = 4xyz 9x =Y=z= 7. 


Problema 28 


Fie x, y,Z > 0 astfelincaét x +y+z = 3. 
Aratati ca: 


1 1 1 6 
Lo SS 
x+y X+Z yz xXy+yz+2zx 
Solutie 
XVt+yZ+Zx xXy+tyzZ+Zzx xyt+yz+zZzx 
x+y X+Z ytz 
x XZ YZ 
sau +——+x+y+z<6 


x+y X4+Z yz 


x XZ Z 
id a Z <3 (1) 
x+y X+Z yz 


< 5 cf cu egpentru x = y 
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XZ xX+Z 


< cu egpentru x = z 
X+Z éP 
YZ ee de F 

< cu egpentru y = z 
yz 2 éP y 


Obtinem (1), cu eg pentrux = y=zZz = 1. 


Problema 29 


Fie X1, 2,3, ¥1, 2, V3 numere reale pozitive. Aratati ca: 


1 1 1 
Coe Cm TC )+4( pe ) = 20 
11 Vad% + V2I%3 T 3 XL XoYo XaVs 


Solutie 


Avem E = (X1X2 + X12 + W1%2 + ViY2)(%3 + Y3) + 


1 1 
+4( $+) = yx + X4X3Vzq + V4 %XQX3 + 
M11 XaVn XaVa 1%2%3 1X%3V2 1 V4%X2X3 


1 
TX3V1 V2 + X4X2V3 + X1V2V3 + V1 3X2 + ViV2V3 + Xi + 
1V1 


+ 
X1V1 0 X11 X11 X22 X2V2 — X2V2— X22 
1 1 1 1 


+—— +—_+——_ + > 
X33 X3¥3 X33 X33 


20 1 1 1 
S090; (pee ye ee 0 
IF ae ge ee 


Problema 30 


Aratati ca numarul N = 1882 1883 --- 2022 poate fi diferenta de doud 
patrate perfecte. 
Solutie 
N trebuie sa fie de forma a2 — b? = (a—b)(a + dD). 
Daca a si b au aceeasi polaritate, atunci (a — b)(a + b) : 4, dar 
N=M,+2. 
Daca a sib au polaritati diferite, atunci a? — b” impar, dar N par. 
> nu exista numarul n care sa satisfaca conditiile. 
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Problema 31 


Demonstrati ca produsul P = x1X2°**X 149 al primelor 140 de 
numere prime nu poate fi cu 1 mai mare sau mai mic decat un patrat 


perfect. 
Solutie 


P : 2, dar nucu 4, insa x* — 1 = (x — 1)(x + 1) da resturile 0 sau 
3 la impartirea cu 4. 
P : 3, insa x? poate fi M3 sau M> +1 
>x?-14M, 


Problema 32 


Determinati numarul prim p astfel incat p + 10, p + 50 sa fie de 
asemenea numere prime. 


Solutie 


p = 3, convine. 

Dacap = 3k +1>5>p+50= 3k +51: 3. 
Daca p = 3k +2>5p+10= 3k +12: 3. 
Singurul numar convenabil este, asadar, p = 3. 


Problema 33 


Aratati ca 34"*1 + 1 se poate scrie ca suma de 3 patrate perfecte 
pentru oricen € N. 


Solutie 


Rezulta din identitatea: 
34nt1 +1= (32 = 1,)4 a (327 = 3”)2 a (3” 4 gar)? 
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Problema 34 


Gasiti valorile luin € N pentru care 2” — 1 se divide cu 7 si aratati 
ca nu existan € N astfel incat 2" + 1 sa fie divizibil cu 7. 


Solutie 
Resturile lui 2” la imp€rtirea cu 7 sunt 1, 2,4 de unden = 3k,k € 


N sunt numerele care au proprietatea ca 2" — 1 se divide cu 7 si cum 
2” + 1 da restul 2, 3,5 la impartirea cu 7 rezulta cerinta problemei. 


Problema 35 


Pentru ce valoriale luin € N numarul 3" — 1 se divide cu 13. Aratati 
ca nu existan € N astfel incat 3" + 1 sa se divida cu 13. 


Solutie 


Resturile lui 3” la impartirea cu 13 sunt 1,3,9 de unde rezulta 
n = 3k,k EN. Cum 3” +1 da restul 2,4,10 la impartirea cu 13 


rezulta cerinta problemei. 


Problema 36 


Comparati fractiile: 
108414 1013941 


"708941 10041’ 
1078947 10188144 


102881 47 * 101882 47’ 
10202044 102021 4.4 


© [o20ar +4 792022 47" 


Solutie 
Fien = 2. SA comparam 
10” + 1 10"*1 +1 a 


1074141 1074241 
_ (10" + 1)(10"*? + 1) — (1042 + 1)? | 


(10"*1 + 1)(10"*2 +1) =N 
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102"*2 + 10" + 10"*2 + 1 — 102"*2 —2-10"42-1 
~ N 
10"(10?+1—2-10) 10"-81 
N ON 
primele fractii sunt cele mai mari. 


Problema 37 


Aflati rddacinile reale ale ecuatiei: 


x-1 3-x 
ah 140 + Quis 140 = 2; 
at | Gea) 
x-1 3-x 
_— 1)1882 3 — ~)1882 = 
b) (x — 11882 | — + (3 — x) 188? | = 2; 
x-1 3-x 
c) (x - dy2022 + (3 — x)2022 =2: 
3-x x-1 


Solutie 


Evident x # 1,x # 3 six € (1,3). 


. nlx 1 
Fie =t>0,nENn*. 
3-x 


Ecuatia se scrie (3 — x)t? — 2t + x — 1 = 0 curradacinile 
x-1 


—x 
res — 
Din =1>x=2sidin 
3-x 
anlx—1 x-1 ee ee 
3-x 3-x 3-x 


1 
=1>x=2. 
x 


vy ovayvisy 
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Problema 38 
Numerele reale nenegative x si y verifica x + y = 2. Ardatati ca: 
a) (xy) (x? + y?) s 2; 
b) (xy) 88x? + y*) <2; 
c) (xy)? (x? + y*) < 2. 
Solutie 


Vom arata ca (xy)?"(x? + y*) < 2, unden € N*. 

Fiex =1—z,y=1+2z cuz € [0,1]. Atunci inegalitatea devine 
(1 — 27)?"(2 4+ 227) <2 sau (1—27)?"(14+27) <1 sau (1- 
z*)?"-1(1 — z*) < 1, care este adevarat&. Egalitate avem cand z = 0 
adicax =y=1. 


Problema 39 
Aflati x € R astfel incat 7* — 3* = 40. 


Solutie 


Observam x = 2 solutie. Ecuatia se scrie: 


Cy. ,. 20 
3 3x 
. 7\" 49 40 40 40. 
Daca x > 2 = (5) Tegner a ag eae 1k 
Ain , peas ; 49 ‘ 40. Lees 
acaQ<x< , (5) Sg: age oe ae 9° 


Asadar, x = 2 este unica solutie a ecuatiei deoarece x < 0 nu se 
poate. 


Problema 40 


Rezolvati in R ecuatia: 
2022* — 1882* = 140. 
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Solutie 


Din 2022* — 1882* >0 >x>0. 
Observam x = 1 solutie. 


Zy 140 ' 
=1+ x < 1si observam 


: ti 
Scriem ecuatia (SS! [8922’ 


2 
ca pentru x > 1 membrul stang e mai mare decat 1882 iar cel 
drept mai mic si pentru 0 < x < 1 membrul stang e mai mic ca 
02 
[882 iar cel drept e mai mare. 
Problema 41 


200 
Determinati numarul de cifre ale numdarului [Wz + V3 ) | unde 


[a] reprezinta partea intreaga a numarului real a. 


Solutie 

Avem 

200 100 

(V2+v3) =(5+2v6)) < (8 +2-2,5)1 = 107 
(V2 + V3)" =(S+2v6) > (S+2-2,4)100 = (9,8)109, 

Vom arata ca (9,8)19° > 107°. 

10 99 1 49 
og) =) 
14°" 10 10 90 900 

( +3) 5g <3 3 gt 597 og <8 


Atunci avem 10299 > (V2 + rE > 10% = (v24 ay ae 


100 de cifre. 


Problema 42 


Aratati ca exista o infinitate de perechi a,b, c € R astfel incat 


Vatb+vb+ct+vct+aeEN. 
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Solutie 
at+b=k? 
b+c=ké 
cta=k3 
eo) 
ke +k2 +k 
at+tb+c= —— 
k? —k3 + k3 
> a = — 
2 
» t= B 
io 2 
ki +kZ + k3 
= 2 
Problema 43 
Aratati cA pentru n € N numéarul n2°2* — n + 1 nu se poate divide 
cu 2022. 
Solutie 
n7022 _» + 1 este numar impar! 


Problema 44 


Fie x,y € N* astfel incat x + y + 1 divide x” — y* + 1. Aratati c& 
x+y +1 nu poate fi numar prim. 
Solutie 
Avem x*—-y?4+1=(x+1)?-y*-2x=(«+y+Da-y+)D- 
2x. 

Cum x?—y*+1 se divide cu x+y+1>x+y41|2x. 
Presupunand x + y+1=p (p numar prim) obtinem p|2 sau p|x 
ceea ce este fals, deoarece 
pH=xtyt1>2sip=xtyt1>x. 
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Observatie 

Pentru x = 2,y = 1, 
x?—y*4+1=4ix+ty+1=24+1+41 = 4si4 este compus sau 
x=3,y=2,x?-y?+1=9-4+41 = 6carese divide cu 
x+y+1=3+42+41 = 6 sideasemenea 6 este numar compus. 


Problema 45 
Aratati cd dacd a?+b?+c3iat+tb+c, atunci atbt+c 
compus, a,b,c € N*, 
Solutie 


a? + b? +c? — 3abc(a+b+c)(a? +b? +c* —ab— be - ca): 
: (a+b+c) > 3abc:at+bt+c 
Daca a + b + c ar fi prim atunci a + b + c ar divide 3, a, b 


sau Cc. 
Dar: 
at+bt+c>3 
at+b+c>a oe 
Pei ea => Imposibil > a + b + c compus 
at+b+c>c 
Problema 46 


Aratati ca dacé x* + y? —1 se divide cux + y + 1, atunci x + 

y + 1 compus. 
Solutie 

x? + y*%—1+42xy —2xy =(x+ y)*?-1-2xy= 
=(x*+y-D@+yt+1)—-—2xy> 2xyixt+yt1 

Daca x+y +1 ar fi prim atunci x + y+ 1 ar divide 2,x sau 
y. Dar x + y + 1 este mai mare decat acesti factori > 
>x+y+1#prim>x+y+1compus. 
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Problema 47 


Fie x,y € N,x => 3, y = 3 astfel incat x3 + 
+y? + 3x?x — 8 se divide cux + y — 2. Aratati cx +y — 2 nu 
Poate fi numar prim. 


Solutie 


Avem 
x3 4+y34+3x2x-8=(x+y)? —23-3xy? = 
=(x+y—2)[(xt+ y)* +2(x + y) +4] — 3xy? side aici 
x+y —2|3xy?. 

Daca presupunem x + y — 2 = p,p numar prim p|3 sau p|x sau 
ply. 

Cumx+y—-22>34+3-2=4six+ty—2>x, 
x+y—2> yse obtine x + y — 2 nueste numar prim. 

Obs. Pentru x = y = 4avemx? + y? + 3x2x -8 = 
=4344343-43-8=4-(164+16+ 48-2) = 
=4:78:x+y—2=4+4-2 = 6 sievident 6 nue numar prim. 


Problema 48 
Fie a > 0. Rezolvati in multimea numerelor reale nenule sistemul 
de ecuatii: 
4 
x 
—+xy=a°+a3 
yy 
4 
y 3 
we +xy=a°+1 
Solutie 


Din cele doua ecuatii avem: 
4 4 
x 
oe — xy si 5 = a? + 1-29. 
inmultind relatiile obtinem: 
x?y? = a3(a? + 1)? — a3 (a? +1) —- (a? +.1)xy + xy? > 
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150+1 PROBLEME (si solutiile lor) 


=> x*y? = a3(a? + 1)? — (a? +1)? xy + (xy)? 


ak laa al © aa 
xy = ———_ = 
(a? + 1)2 
4 
=== a8 
y 
y4 
gee 
xt = aby? 
yt=x2ext=ys 
a®y2 =y8>yS=a5 sy=ta 
Daca y= a'> x =a 
y==-a>x=—a" 
Problema 49 


Aflati solutia reala a ecuatiei 
1 
oe ee = 0. 


Solutie 


3x? + 3x7 +3x+1=0sau 
2x3 +(x+1)? =05x41 = —xV*x side aici 
1 
M241 


Problema 50 
Rezolvati ecuatiile: 
a) x? — (1+ ¥140)x? + 140 = 0 
b) x3 — (1 + V1882)x? + 1882 = 0 
c) x? — (1+ -¥2022)x? + 2022 =0 
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Solutie 
a) Fie ¥140 = t si scriem ecuatia t? — x?t + x? —x* =O cu A= 
x* — 4(x3 — x?) = (x? — 2x)? de unde 


x2 + (x? — 2x 
p= vig =* =~) 


De aici x, = ¥140 si ¥140 = x7 -x > 
1+¥1+4v140 


2 
b), c) Se procedeaza ca la a). 


> X23 = 


Problema 51 


Rezolvati in R ecuatia 
x8 —x4+x4-—x741=0. 
Solutie 
inmultim ecuatia cu x? + 1 si obtinem x? + 1 = 0. 
Cum aceasta ecuatie nu are radacini reale si x? + 1 > 0 obtinem ca 
ecuatia data nu are radacini reale. 


Problema 52 


Fie a,b € R,a # b. Aflati radacinile reale ale ecuatiei 
(a—x)>+(x—b)> =(a—b)?. 
Solutie 
Fiea-x=y,x-b=8. Avem wt9=a-—b si wt+0 = 
(a — b)°. Deoarece 
w+ 0° = (ut 9)(ut — p39 + p29? — wd? +94) = 
= (ut+9)[((ut 9)? — 29)? — w(a — b)* + p?97] = 
= (a— b)[((a — b)? — 29)? — w9(a — b)* + p97] = 
= (a— b)° > (a—b)* = (a— b)* — 4(a — db)? 9 + 
+4(u9)? — (a — b)? + 179? side aici 5u29? — 5(a — b)? ud = Ode 
unde obtinem x, = a six =b radacinile reale. 
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Problema 53 
Gasiti toate tripletele de numere reale nenule 
b,c pent CR ARLE Ca aT aE NT 
a, b, ¢ pentru care numerele — +—,—+— si +> sunt intregi. 
Solutie 
fie eee ee eS EZ 
Ct eg eee 
Fiex + y+zZ=s. Atunci: 
a s—2y b s—2z c s—2x 
DS ae ie Sg 
c a b 
Atunci: (s — 2x)(s — 2y)(s — 2z) = 8- prota 8. 


De aici s — 2x,s — 2y sis — 2z pot fi (2,2,2); (2,-—2,—2); 
(—2,2,—-2); (—2,—2, 2). 

Deoarece s— 2x +5—2y+5sS—2Z=S se gaseste s=6 sau S= 
—2. Atunci: 

(x,y,z) € {(2, 2,2), (—2, 0,0), (0, —2, 0), (0, 0, —2)}. 

Obtinem de aici: (a, b,c) € {(4r, +r, tr)|r € R*}. 


Problema 54 


Rezolvati in multimea IR ecuatia 
vx -14+V2—x=1. 
Solutie 
Evident x > 1. Fiea = Vx —1 sib = V2 —x. Atunci 
a+b=1sia’ +b? = 1deunde (1 — b)? + b? = 1, adica: 
b(b—1)(+2)=0. 
Dacab=O0>a=1>5x=2. 
Dacab=1>a=05%x=1. 
Dacab=—-2>a=3>x=10. 
Asadar, ecuatia are trei solutii reale: x, = 2,x2 = 1,x3 = 10. 
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Problema 55 
Aratati cé nu existan € N* astfel incat n° — —n + 1 sa se divida cu 
n?t+nt1. 
Solutie 


Dnn+nt+1=n —n? +n? t+nt1=n2(n?-1)+ 
tr2?t+n4+1=n2(n—-1)(n24+n4+1)¢n?4+n4+1= 
= (n* +n+1)(n? —n? +1) se obtine 
n> —n+1=(n?+n+4+1)(n? —n? +1) - 2n side aici 
n? +n+1|2n care este fals deoarece n? +n +1 > 2n pentrune 
N*(n?-n+1=n(n—1)+121>0). 


Problema 56 


Fie a,b,c € N*. 
a) Aratati cd ecuatiax* + y = 2z” areo infinitate de solutii numere 
naturale nenule. 
b) Aratati cé ecuatia x* + y? +2z° = 3t®”° are o infinitate de 
solutii numere naturale nenule. 
Generalizare. 
Solutie 
a) Fiez =k EN* > x=k?,y=k® solutii. 
b)Fiet=k EN Sx ek" y= kz =k solutii. 
Generalizare. DacA a1,Q2,°**,d, € N* date (n= 2) rezulta ca 
ecuatia x19 + x29 ++-+x, = ny" are o infinitate de solutii 
in N*. 
Daca yy = k € N* sip = a, -*- dy rezulta ca solutiile vor fi: 


Pp Pp Po 
xX, = kG, x = k%,-, xX, = kM, 
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Problema 57 
Fie p un numar prim, care nu este divizor al lui 140. Determinati 
numerele intregi x si y astfel incat 
(2022x + y)* = px(1882x + y). 
Solutie 


Cum p|(2022x + y)? > 2022x+y=paaeEZ si de aici 
p|x(1882x+y). Daca p|x, din p|2022x+y-=>ply iar daca 
p|1882x + y obtinem p|140x de unde p|x. Asadar, 

X = pxX1,Y = py1,b,c € Z si inlocuind in inegalitatea din enunt 
rezult& c& (2022x, + y,)* = px,(1882x, + y,). 

Se repeta rationamentul si se ajunge la concluzia ca x si y se divid 

cu orice putere a lui p, de unde x = y = 0. 


Problema 58 
Aratati cA numarul A = 23° + 1 se divide cu 25. 
Solutie 


23941 = (219)? +1=12047 +1= 
=(M,.—-1)?+1=M,,-14+1=My,.. 


Problema 59 
Exista x, y € N astfel incat 
2* + 2Y = 2022!? (nl = 1:2-3----+n) 
Solutie 


Din 2” = r(mod7) > r € {1,2,4} > 
=> 2% + 2¥ =17,(mod7) cu 7, € {2,3,4,5,6}. Cum 2022! : 7 > canu 
exista x, y € N cu proprietatea din enunt. 
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Problema 60 


Gasiti numerele naturale x si y astfel incat 
x+y 


soy = L 


Solutie 

Cum relatia se scrie (vx - Jy) =2> 
= |vx — Jy| = V2. Daca x > y atunci Vx = V2 +. Jy = 
>x=2+y+2,/2y = 2y =k?,k € N deundey = 217,1E N 
sin = 24 214-41 =2(6+:1)2, 

Dacd y > x gasim x = 21? si y = 2(1 + 1)?. 


Problema 61 


Aratati ca exista o infinitate de numere naturale astfel incat: 
x+ 
a) 5 a {xy = 140; 
x + 
Ze {xy = 1882; 


2 
x+ 
Cc) —- xy = 2022. 


b) 


Solutie 
a)x =2-140k?,y=2-140(k +1)?,kK EN 
b) x = 2-+1882k?,y = 2-1882(k+1)*,k EN 
c)x = 2+2022k?,y =2-2022(k+1)7,k EN 


Problema 62 


Fie f: R > R, f(x) = ax? + bx +c, 
a,b,c € Rai. f(O), Ff), f(2) € Z. Aratati ca: 
a f(140)E€Z; b)f(1882)EZ; of (2022) eZ. 
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Solutie 

f(2) —2f() + Ff) = 
=4a+2b+c—-—2a—-—2b-—2c+c=2a>2a€EZ 
fQ)-f()=at+b+c-c=a+beZ 
f(O)=cEZ 
f (140) = 1407a + 140b +c = (1407 — 140)a + 
+140(a + b) +c € Zdeoarece 140% — 140 e numar par. 
f (1882) = 18822a + 1882b + c = (18822 — 1882)a+ 
+1882(a +b) +c € Z deoarece 18827 — 1882 e numar par. 
f (2022) = 20227a + 2022b + c = (2022? — 2022)a+ 
+2022(a + b) +c € Z deoarece 2022? — 2022 e numar par. 


Problema 63 

Fie f: R > Rastfel incat f(x + 1) — f(x) = 
= 3x*+3x4+1,(vV)x ER 

Daca |f (x)| < 3, (V)x € [0,1] aratati ca: 

If) | < 4+ |x/3(V)x ER. 

Solutie 

Fie g:R> R, g(x) = f(x) -x3 > 
> g(x +1)- g(x) = f(x +1) -(x +1)? - f(x) + x7 =0 
=> g e periodica de perioada 1 > |g(x)| < If (x)| + |x|? < 4, 
(v)x € [0,1] > |g(x)| < 4,(V)x € R side aici 
If) = lg) + x71 Ss lg@)| + Ix PP S44 [xP ccd. 


Problema 64 


Aflati restul impdartirii polinomului 
p = x2022 4 1882 4 140 
la polinomul 
1 a sake oe ae et 
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Solutie 


Fie x? +x +1 = (x — x1)(x — x2), xX, # Xp. 
Asadar x,7 +x, +1 = 0|: (x, — 1), x, #15 x? = 1. Atund: 
p(x) = 22022 4 1882 4 140 = 
= (x3)°74 + x, (x7)O?7 + x2 (x3)? = 14x, +77 =05 
=> x — x,|p si, analog, x — x, |p. 
Asadarpi:q>r=0. 


Problema 65 


Rezolvati in R ecuatia: 
x2 —4x +54 3x2 -12x+16 = —2x?74+8x—-5. 


Solutie 
Fiey=x?-4x+52>1>0 
deoarece (x — 2)? >0 > Jy + /3y+1=-2y+5@ 
© Jy +/3y+1+2y-5=0 
Cum f:[1,0) -R, f(y) = Jy + J3y +1 + 2y — 5 este strict crescatoare 
=> f(y) = 0 are cel mult o solutie. 
Cum f(1) = 0 5 y = 1 solutie unica > 
>x*-4x4+5=16 (x- 2)? =0>x = 2 unica solutie. 


Problema 66 


Rezolvati in R ecuatia: 


vx -14+vV3—-—x=x*-4x4+6. 
Solutie 


Evident, x € [1,3]. Cum x? — 4x +6 = 
= (x -— 2)? +2225 V¥x—-14+V3-x22/? 5 
=>x-14+3-x4+2/(x-1G8-x) 245 
=> f/@—-DB—-» 2 1sau(x-1)3-x 215 
>—-x?4+3x-34+x215 
>0>x7-4x+4= (x-2)? > (x- 2)? =05 
=> x = 2 singura solutie. 
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Problema 67 


Ardatati ca daca a,b,c > 0 atunci 
ab? xc? 
—+—+—2>ab+bct+ca. 
b Cc a 


Solutie 


Folosind inegalitatea lui Hélder, avem: 
Ob? 6 (GP be) (athe) - 


eb 6 @ 3Gebeo° US 
3(ab + bc + ca) 

2 = ab + be + ca. 
Problema 68 


Fie a, b, c numere pozitive astfelincat abc = 1. 
Aratati cd: a2 +b* +c? +ab+bce+ca—a-—b-—c 23. ince caz 
avem 0 egalitate? 


Solutie 


a* +b? +c? atb+cy’ 
Deoarece ——————— > (= 


5 ) avem: 
a+b? +c%2+ab+be+ca—a-—b—c=a*+b*+c%74+ 
ero" Sa bere) 


5 —(a+b+c)= 
a*+b*+c? (at+b+c)? 
SORE RAO peels 
1(atbt+c)* (a+b+c)? 


~ 2 3 2 
_atbte 
—.— [2(a +b +c) — 3] = Vabc(2 -3Vabc — 1) = 3. 


ates avem pentrua =b=c=1. 
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Problema 69 


Fiea,b,c € Rai.a+b+c = 1. Aratati ca: 
a? +b?+c%4+12>4(ab+ be +ca). 


Solutie 


a*+b?+c*4+(at+b4+c)* >4(ab+bet+ca)e 
ea*t+b?+c*>ab+bct+ca 


A. 
Egalitate pentrua=b=c= z 


Problema 70 
Gasiti 
eg aie te 10 £9 : oor 
x a.l. = aa ea este nuMmar prim. 
Solutie 
z x* —x%-—9x249 x*(x? -1) —9(x? -1) 
~  («-1)?-4 (x —3)(x-1) 7 
(x* — 1)(x? — 9) 
= = (x - 1) (0 +3 
Goan 
x-1=-1>x=0 F=-3<0 F 
x-1=1>x*=2F=5 A 
x+3=1>x=-2 F=-3<0 F 
x+3=-1>x=-4 F=5 A 
> x € {-4,2} 
Problema 71 
Aflati 


1 1 
E= rae stiind ca x3 + y? + 3x7y? = x3y3. 
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150+1 PROBLEME (si solutiile lor) 


Solutie 
O = (xy)? + (—x)? + (-y)? — 3xy(—x)(-y) = 
= (xy —x— yy) ?2y? +x? ty? +x7y + xy? — xy) 
I xy -—x—-—y=O0|+1 
@-D)O-D=1 


1 1 
1 1 xXx=y=2>5>EF=-+-=1 
x y 


-1 -1 x=y=0 (F) 
I x?y2 +x2+y2?+x2y4+ xy? — xy =0 
>x=y=-xy,x=y=-1 


E i : + : 2>E €{-2,1 

> — = =-2> = 

ey ot et {—2,1} 
Problema 72 


Ardatati ca daca a,b,c = 1, atunci: 
(abe + 2)(a+b+c) = 3(ab+ be+ ca). 


Solutie 1 


(a-—1)(b-1)>0>abz>a+b-1 (1) 
3(ab + bc + ca) < (a+b+c)? 
(abe +2)(at+bt+c)>(atbt+c)*|:(a+b+c)>0 
abe+22>a+b+c 
abc+2-a-—b-c20 
abc —-(a+b-—1)-c+120 
din) > abc —-(a+b-—1)-—c+12abc—ab-—c+1= 
= ab(c —1) —(c —1) = (ab—-1)(c-—1) = 0 


>0 20 (A) 


Solutie 2 
ab*+2>a+2b|-c © (b—1)[a(b+1) —2] =0 
ab*c + 2c > ac + 2bc 
Analog abc? + 2a = ab + 2ac 
a*bc + 2b => bc + 2ab 


a*bc Ohen + abc? +2a+2b + 2c > 3ab + 3ac + 3bc 
(abe + 2)(a+b+c) = 3(ab+bc+ca) c.c.t.d. 
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Problema 73 


Fie x y > 0. Aratati ca: 
2 


“+e Ia. 
Solutie 
Avem de aratat ca (x? + y3)? > 2x?y?(x? + y?) 
xe ey? > 2,/x3y3, egalitate pentru x = y 
= RAmAne sa aratam ca x3 + y3 > /xy(x? +y”?) © 
© x3 — x2 [xy + y? — y?,,/xy = 0, care se scrie: 
xix (Vx _ Jy) = y? |y(vx _ Vy) > 0, adica: 
(ve Jv) (Wz) - (a) ]20 
Avem: (vx — Jy) [(Vz)' + Vz)" Jy + (Wz) (Wx) + 
+ vx(,/y) + (Vx)"] =0 (A) cu egalitate pentru x = y 


Problema 74 
Demonstrati ca ii a,b,c > 0: 


(a? +b? +0%)(54 tot =)2(a+b+0(- +542) 


Solutie 1 


Desfacand parantezele, obtinem: 


ee te fy 248 1 
b2 az c2 a ae () 
a y 


x 
Aratam ca et x2 = ete (2) |:2pentrux,y >0 


(+e eG 


x 
eo +232 
y x 


(17 + 17) 


Folosind (2) obtinem (1). 
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150+1 PROBLEME (si solutiile lor) 


Solutie 2 


3(a* ++ b* +c?) >(at+bt+c) 


3(J x 1 n a)*(e*5*7) 
az pb r boc 


9(a? ee i +a)2@atb+o(—+74-): 


2 


b2 
+b+ (+; +2) 

(a Cc) - 5+ 

Generalizare: 


(x? + x3 +--+ x2) : eae lege > 
x. x2 x. = ae) ao es 
1 2 n x2 ee x2 
ae 1 1 
x2 a 


Problema 75 


Fiea,b,c € Rai.a?+b*%+c? =3. 
Demonstrati ca: |a| + |b] + |c| — abc < 4. 


Solutie 
a? +b* +c? 
ee > V a*b*c2 => |abc| <1 
—abc <1 (1) 


(jal + |b] + |c])? < 3(a?7 +b*% +c?) =95 
>lal+[bl+ |e] <3 (2) 
Din (4) si (2) rezulta c.c.t.d. 

cu egalitate pentru |a| + |b| + |c| = 1,abc = —-1 


Problema 76 


Gasiti cea mai mica valoare a expresiei xy + +yz + zx dacé x? + 
yo he" = 30 by tz), 
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Solutie 


Notand x + y +z =t avem: 
Party te) Gast 


xy+yz+ 2x = 5 5 = 
3/7 9 

_(t-3) "4,9 
2 ~ 8 


Cea mai mica valoare este — 8 si este atinsa pentru 


+y+z= : 
xty+z=H 7 
Problema 77 


Fie x1,%X2,°'*,X2n41 numere reale (n € N*) astfel incat x; + X2 + 
coef Xon4+1 > X1X2 ae X2n41- Aratati Ca: 
2n 2n 2n 
Xp xD He + Kong. 2 XX 2° X2n41- 


Solutie 


Presupunem ca |x,|>1,|x2| > 1°, |X2n41] > 1 atunci, 
deoarece x2" = |x,|2" > |x,| > x, si, analog, 
2n 2n Bests 
Xz" > Xo, Xon41 > X2n41, obtinem: 
2M 4 Zh beet BM Sx txQ beet > 
1 2 2nt+1 11 %X2 X2nt+1 = 
> X4X2°**X2n41 de unde 
2n 4 y2n 2n 
Xp XQ A + Kong. 2 XX 2° Kons 
Presupunem acum ca cel putin unul dintre numerele |x|, 
|x2[,°°+, [X2n41| Sa zicem |X2741| are proprietatea |x2,41| < 1. 
+ 2 1 Zn 2n 4 y2n 
Atunci xyz + x2 ie X2n + X2n4+1 = 
2n 
> xer xB tee + xbh > ANY (x1X2 00° Xan)?" = 
= 2n|x4X2 °° Xan 2 |X1%2 °° Xan S [%1%2°* XanXan4il 2 
= X4X2 sos Xon4+1 adica 
2n 4 y2n 2n 
Xp XQ He + Kong. = X1X2 °° X2n41- 
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150+1 PROBLEME (si solutiile lor) 


Problema 78 
Fie x,y,Z € Rastfel incatx +y+z=0. 
Aratati ca: x?y? + y2z* + 27x2 +3 > 6xyz. 
Solutie 


Avem de aratat ca 
x?y? + y2z2 4+ 77x24 3 -—b6xyzt (xtytz)*% — 
—(x+y +x) = Ocare se scrie: 
(x*y2 +2741 +4 2xy — 2z— 2xyz) + 
+(y2z7 +x2 414 2yz— 2x — 2xyz) + 
+(x*z? 4+ y? +1 +4 2xz — 2y — 2xyz) = Oadica 
(xy —z4+1)* +(yz—x+4+1)?+(yz—x+1)?20 


Problema 79 
Demonstrati ca daca x + y + z = 3, atunci: 
x y Zz 
> + = + 5 81 
2Xx+yzZ 22y+zx 2z4+xy 


Solutie 


Scazand din fiecare membru, ecuatia se transforma in: 
ee eee: 2 
2x+yz 2y+xz 2z+xy 
Acest lucru se arata folosind Inegalitatea Titu Andreescu: 
(xy + yz + zx)? 
~ 6xyz + x2y2 + y2z2 + 22x? 

Trebuie sa aratam ca mg = 1, echivalent cu 

6xyz < 2xyz(x+y+z). 
Ajungem la x + y + Z = 3, ceea ce e adevarat. 


43 


™ Carina Maria Viespescu ™ Lucian Tutescu ™ Florentin Smarandache ® 


Problema 80 
Fie x,y € R astfel incat x — y = 1. Aflati cea mai mica valoare a 
expresiei E(x, y) = x? — y? — xy precum si valorile lui x si y 
pentru care este atins acest minim. 
Solutie 


E(x, y) = (x-y)(x? +xy+ y*)-—xy= 
=<? -+ey +9? = xy =x? by? Sa 1)? +7? = 
io, tee 7 
= 2y? +2y+1=2(y +5) +5 2 5- Cea mai mica valoare 


1 I 
este 3 atinsa pentru y = — 5 six = 7 


Problema 81 
Fie a, b,c € R astfel incat 
(a — b)(b —c)(c — a)| = 3. 
Gasiti cea mai mica valoare a expresiei: |a| + |b| + |cl. 
Solutie 
Presupunem, fara a restrange din generalitate, 
a=b2csiavem: 


a—-b+b—-cy* 
3 = (a- b)(b -c)(¢ - a) < (= —— ) eee 
(a—c)? 3 
a de unde a —c => V12. Deoarece 


lal + |b] + lc] > Ja—c] + |b] => V12 +0 = V12. 
Pentru ca minimul expresiei |a| + |b| + |c| si fie V12 va trebui sa fie 
atins a —c = V12. Evident b = 0 sila —c| = V12 > 


3 
=> |a| +|-c| + |a—c| =3 > siac = —— de unde 
V12 
3/t2 3/12 ee 3 ? 
Co Ga Asadar minimul cerut este V12 atins 
V12 V12 
pentrua = ——,b=0,c= ae 
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150+1 PROBLEME (si solutiile lor) 


Problema 82 


Fie: 


n 


way m “9 2(k + 1) J2(k +1) +1), unde p € N*. 
k=p 
Sa se calculeze [x] (partea intreagé a numdarului real x) si sa 


1 
se arate ca {x} < oe unde {x} reprezinta partea fractionara a 
numarului real x. 
Solutie 


Din inegalitatea lui Bernoulli: 


( aie ye OTE Pica ye 
k2(k +1)? k2(k +1)? = 
=2k+2=2(k+1)> 


2k+1 k2(k+1)2 
>1+——> V2(k+1)>1 
k2(k + 1)2 coed) 


ideeatece 2(k+1)>1)=> 
2k+1 . - 
+) (+ qaebip) > so tance at 
=p 


n 
n— p+it > (5 5 — aap) ate pt tsa 
k=p 


n-pt+1+t >n—p-+1de unde 


p2 (n+1)2 
1 
as ae a ae 


1 
[x= EN oe 
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Problema 83 
Fie x, y,Z > 0 astfel incat: 
xy? + y2z2 4+ 22x? + (xyz)? = 4. 

Aratati ci x? + y? + z* > 3. Ince caz avem egalitate? 
Solutie 

Avem 4 = x*y? + y?2z2 + 27x? + (xyz)? = 
> 4y (x? y?)(y2z?) (22x?) (xyz)? = 4 xyz)” = 
=> 45/(xyz)7 <1 = (xyz)? < 1 de unde xyz < 1 (1) 
cu egalitate pentru x*y? = y*z? = z*x? = (xyz)? 
Dinx yy" S97 S27 Sx Sy? = Se Sy = Zs ahind 
din'x?y? = (yz)? >x* =x? x* = 1, de unde 
x=y=2Z=1.Avemacum 
x2y? + y2z2 + 22x? = 4 — (xyz)? (din (1) si apoi 
(x? + yy? 427)? S 3x2 y? +727 4 27x?) > 3-3 adica 
x? + y* +27 > 3 cuegalitate pentrux = y=z=1 


Problema 84 
Fie a,b,c > 0. Aratati ca: 


+b+c+ Be 
q : ab+bc+ca 2./3 


In ce caz avem egalitate? 
Solutie 


Cum (a+ b+ c)* = 3(ab + be + ca) cu egalitate cand a = b = c (1) 
si notand ab + bc + ca = x avem 
a+b+c = v3x. Notand cu M membrul stang, avem: 


3 v¥3x V3x 3medii 
MNO 5 + > 


2 x 
sl(v3x) 3 43/9 3/27 2 98l2 
>3 =3 /-=3 = 
4 x 4 G3 2.43 
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ee ; 3x 3 
Minimul este atins ae =— vl 34° = 36> 4° S125 


>x= V12 si din (1) > 3a? 


etl fenrnen fl 


Asadar, avem egalitate penttua = b=c= z 


Problema 85 


Aflati cea mai mica valoare a expresiei a expresiei (x + y)(y + 3) 
daca x si y sunt numere strict pozitive si xy(x + y + 3) = 27. 
Determinati valorile lui x si y pentru care este atins acel minim. 


Solutie 


E(x, y) =xy+3x+y*24+3y=y(x+tyt+3)+3x= 


27 27 teed 
= mn + 3x22 ara 3x = 18. Cea mai mica valoare este 18, 


27 
atinsa pentru —- = 3x >x=9si9V9O+y+3) =27>5 
—124+v144+4:-3 


—12 + 2Vv39 
= ee = —6 + V39. Convine y = ¥39 — 6. 
Problema 86 


Fie x € R. Aratati ca: 


x24x41/ > (xt1Vy : 
ae =x ( 5 ) tn ce caz avem egalitate? 
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Solutie 


Fie x* + x = y. Inegalitatea se scrie: 
2 


a 
(—) > = sau dy? + 12y? + 12y + 4-27? > 0 


4y? —15y*2 + 12y + 4 = 0 sau (y — 2)?(4y +1) = 0. 
Cum 4y +1 = 4x2 +4x4+1=(2x4+1)?> 
=> (x7 +x —2)7(2x +1)? = 0. 


—1 
Egalitate avem pentru x = —2,x = a saux = 1. 


Problema 87 


Aratati ca: 
xt — x9 4+x4—-x+1>0,VxER. 


Solutie 
Avem 
2 
3 1 
12, = F4 4 _ +1=(x° Ara, 3 _ 2) #2(x9-5 
x x x x oe a\* 3 
(8-3) +(x-5) S30 
amo ae) ead 
Problema 88 


Fie a,b,c > 0. Aratati ca: 


b+c 
a? + b3 +c9 — 3abe > 2( 5 -a) : 


Solutie 
3 


+C 3 
-a) =F (b+ c)(b— c+ 


2 
3 3 
+5a(a— by’ +5a(a —c)? >0> 


b 
a? +b +3 — Babe -2/ 


3 
3 3 3 bt+c_ 
>a°’t+b’t+c 3abc > 2 5 a). 
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150+1 PROBLEME (si solutiile lor) 


Problema 89 
Fien € N. Aratati ca: 
1 1 
vn} - >| > —— 


unde {a} reprezinta partea fractionara a numdarului real a. 
Solutie 


Fie [vn] = k. Atunci: 


1 1 
{fv} - 5] = 5: [ak +1 — 2ve = 


1 1 1 4 i 
> 3 OO | OE 
2 2k+1+2Vn 2 4J/n4+1 = 8Vn+4+3 


|4k2 + 4k +1—4n| > 1 (4k? + 4k +1 este impar iar 4n par) 
sik< vn. 


J 4k? + 4k +1—4nl - 
2 2k +1+2Vn 


deoarece 


Problema 90 


Aflati cea mai mica si cea mai mare valoare a 
—4x? + 3xy 


expresiei E (x,y) = x2 fp yz 


unde x si y nu pot fi zero simultan. 


Solutie 
Presupunem x + 0 si 
443% = 


+ 3t 
E(x,y) = ——>® sinotand 2 =t avem ———- =z €R> 
: x 1+ t? 
1+% 
> zt? —3t+z+4=0cudA= —4z7 —16z+9<0> 
9 
>z=)--,-|. 
ea Wa) 


9 1 
Cea mai mica valoare este — > lar cea mai mare s 
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Problema 91 
Fie x,y € R astfel incat 1 < x* + y” < 2. Aflati cea mai mica si 
cea mai mare valoare a expresiei 
x* +y? + xy. 
Solutie 


Fiex =rcost siy =rsint, cut € [0,27). Atunci 
2 ee sd 2 1. 
lsr*<2six’+y*+xy=r (1 +5sin2r), 


i dl 1 
Cum 5 <1+5sin2t <= rezulta><x*+y* +xy $3. 


v2 


1 
Valoarea 3 este atinsa pentru x = > y= > iar valoarea 


3 este atinsa pentru x = y = 1. 


Problema 92 

=, +0). 
Aratati cd. a*b*c?d* + a? + b* +c? +d? = 4abcd + 1. 
In ce caz avem egalitate? 


Fie a, b, c,d numere reale din intervalul | 


Solutie 
Deoarece a2 + b? + c2 + d? > 4Va2b2c2d2 = 
= 4Vabcd vom ariata ci a*b*c*d? + 4Vabcd > 4abcd + 1. 


4 


1 1 
Fiex = vVabcd > x = (=) == si avem de aratat ca: 
V2) ~2 


(1) x4 + 4x — 4x? —1> 0 sau: 

x*—1-—4x(x-1) > 0; (x -1)(x? +x 4+x4+1-4x) >0 
sau (x — 1)(x? +x? — 3x +1) => 0 de unde 

(x — 1)[x? —x + (x —1)?] = O, adica 

(x — 1)?(x? + 2x — 1) = 0 adevarata, deoarece 


2742 ieee oe, 
SOE eg eee tiie 
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150+1 PROBLEME (si solutiile lor) 


Egalitate in (1) avem pentru x = 1, adica abcd = 1. 

Egalitate in inegalitatea din enunt vom avea (deoarece am aplicat 
inegalitatea dintre media aritmeticA si cea geometricd) pentru a? = 
b= c= 0" siabed =1 adie = bc S11, 


Problema 93 


Punctul L se afla in interiorul triunghiului isoscel ABC astfel incat 
AB = BC = CL siLAC = 30°. 
Gasiti masura unghiului ALB. 


Solutie 


Fie BD inaltimea triunghiului, D € AC si 

BD NAL = {N}. Avem: 

LNC = LNB = BNC = 120° 
Atunci: 

ALNC = ABNL>NL=BN. 
Asadar ABNL este isoscel si 
NLB = 30°. De aici: 


a 


ALB = 150° 


B 


Problema 94 


Se considera AABC cu BC =a,AC =b si AB=c. Fie P si Q 
Proiectiile varfului C pe bisectoarele interioare ale unghiurilor A, 
respectiv B. Determinati, in functie de a, b, c, lungimea segmentului 


PQ. 
Solutie 


Fie CP N AB = {P,} siCQ N AB = {03}. 
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Cum AP e inaltime si bisectoare in 
AAP,C => AP, = AC = bsi P este 
mijlocul lui CP,. 

Analog, Q este mijlocul lui CQ. 
Atunci QP este linie mijlocie in 


1 
AP, Q,€ si PQ = 5 PQ. 
Avem PQ, = AP, + BQ, — AB = 


=a+b+c,de unde 
PQ=1/2(a+b+c) 


Problema 95 


Linia mijlocie MN a trapezului ABCD (AB || CD) intersecteaza 
diagonala AC in K si diagonala BD in L. Stiind cé patrulaterul KLCD 
este patrat de latura 4 cm, aflati aria trapezului. 

Solutie 


Evident, CD = 4cm si cum 


AB —CD 
KL= a ae 4cm => AB = 12cm. 
inaltimea trapezului este 2DK = 8cm si, de aici, aria trapezului 
este: 
4+ 12)8 
ins = 64cm? 
2 
Problema 96 


Aflati aria unui triunghi ABC daca AB = 3, BC =7 si mediana 
BD=4., 
Solutie 
Din teorema medianei 
e 2(AB? + BC?) — AC? 
- 4 


BD? SACA= 52 
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150+1 PROBLEME (si solutiile lor) 


Din formula lui Heron 
1 
S? =p(p-a)(p— b)\p—c) =@tbt+o(-atb+c): 


1 
‘(a—b+c)(at+tb—c)= 76 20h? + 2b%c? + 2c?a? — 
—a* — b* — c*). Deoarece a? = BC? = 7", b* = AC? = 5?, 
AB? = c? = 9, inlocuind, gasim: 


1 
S* = 57 (2:49-524+2-52°9 42-9: 49 — 2401 — 2704 — 81) = 


f 
=> $2= ae 1728 = 108 deunde S = 6y3. 


Problema 97 
Bisectoarele AM si BN, cu M € BC,N € AC, se intersecteaza in 
punctul I. Stiind ca MINC inscriptibil, aflati: 
a) ABC; 
b) Unghiurile AMIN. 


Solutie 


a) Deoarece MINC inscriptibil => MIN + ACB = 180° 


a a A 


ee A+B. A+B 
dar MIN = 180° C+ 180) 180° 
2€=A+B>cumA+8+6E = 180° > € = 60° 

b) MIN = 180° — € = 120° 
si IMN = ICN = - = 30° si INM = 180° — 120° — 30° = 30°. 


Problema 98 
Se da un triunghi ABC. inaltimile AA,, (A, €€ BC), BB,,(B, € 
AC) se intalnesc in H si AHB = 150°. 
a) Gasiti ACB. 
b) Daca M este mijlocul lui CH determinati masura A,MBy. 
c) Demonstrati ca CH = 2A,By. 
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Solutie 


a) Patrulaterul CB, HA, este inscriptibil si atunci ACB = 30°. 

b) 4MA,C si AMB,C sunt isoscele (B, M si A,M sunt mediane in 
triunghiuri dreptunghice). Unghiul A; MB, va avea 60°. 

c) 4A,MB, fiind isoscel cu un unghi de 60° este echilateral si de 
aici imediat concluzia. 


Problema 99 


Ardatati ca in orice triunghi: 
1, 1 aL 1 1 1 
So ae te 
Me Ny. OMe le Tele. TENG 


unde Mg,Mp,M,_ sunt lungimile medianelor, iar 1q,7p,Tc razele 
cercurilor exinscrise triunghiului. 


Solutie 
Avem 

20h? C2) =a" . (b+c)* —a? 
a a ae 
si analoagele. Atunci: 
eee: 1 LD) 

ma p(p—a) p(p—a)(p— b)(p —c) 

_ 2X — by — 0) eo em b) a 1) 


me = = p(p—a) 


Pe Fe s 
deoarece se cunoaste rg = saglte = paptle = gae* 
p- p-b p-c 


Problema 100 


Fie H ortocentrul triunghiului ABC. Daca CH = AB si BH = AC, 
aflati unghiurile AABC. 
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Solutie 

A Fie AH N BC = {D}si 

bE BH NAC = {E} si 

CH 0 AB = {F}. 
= BAD = FCD = ACHD = AABD 
=> CD = AD > <ACD = 45° 
(AADC dreptunghic isoscel) 
Analog: ABC = 45° ae 


= m(BAC) = 90° a 


= AABC dreptunghic in A si isoscel B C 


Problema 101 


Se consideré patratul ABCD si triunghiul echilateral BFE cu AB = 
a, BE = b astfel incat punctele A,B, E coliniare in aceasta ordine si 
punctul F sd fie situat in acelasi semiplan determinat de dreapta AB si 
punctul C. Determinati in functie de a si b aria AHGB, unde DE N 
BC = {H}, DE 0 BF = {G}. 


Solutie 
ABCD patrat > DC || AB > DC || BE (A,B, E cqfiniare) 
Din T. FA ADCH ~ AEHB 

CH DC a 
— 

HB BE b 
CH+HB at+b a at+b ab 
SS 2 = 2 BB = 

HB b HB b I a+b 


Fie GI HB cu! € (BH). Atunci in AG/Bdreptunghic 
m(IBG) = 180° — m(ABC) — m(FBE) = 


BG 
= TOMS OE GU OU SGT. 


Daci GI = x > BG = 2x => BI? = 4x2 — x2 = 3x2, BI = xvV¥3 
HBE = 180° — ABC = 90° > EB L CB,GI 1 BC = IG || BE. 
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Din TFAS AHIG ~ AHBE => 4 =" > 
BE HB 
f.  ape, * 
a+b 
Din calcule obtinem abx = ab? — V3b(a — b)x > 
ab a 
‘i at+(a+b)v3 
HB -GI (ab)? 
= Ajuce = = 


2 2(a + b)[a + (a +b)V3] 


Problema 102 


in triunghiul dreptunghic ABC proiectia lui A pe ipotenuza BC este 
punctul D. E este mijlocul lui AD si AC NN BE = {F}. Dacé BD = 
asiCD = b, calculati lungimea segmentului BF. 


Solutie 

B Din teorema inaltimii 
AD? = a:b de unde 
AD = vab 


vab . : 
> ED= =; §iatunci 


BE= Mig 
4 


cH 5 Vata +b) 

Prin D ducem o paralela DG la 
BF(G € AC). Daca EF = x, cum EF e linie mijlocie in AADG > 
DG = 2x. 

Acum, din asemanarea triunghiurilor ADGC si ABFC 


1 

BF BC  3zVaG4atb)+x atb 
>= == sau —__-—__ = 

DG DC De b 


si de aici 
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b.ja(4a + b) 
x = ——— de unde 
2(2a + b) 
+b 4a+b 
ee ee ye 


2a+b 


Problema 103 


Fie M mijlocul lui BC, P si Q pe AB astfel incét AP = PQ = 
QB in AABC. Daca PMQ = 90°, demonstrati ca: 
ses AB 
=e 


Solutie 
Fie N mijlocul lui PQ. Atunci MN linie mijlocie in 


AC 
ABAC > MN = > Dar MN e si mediana in triunghiul 


d hi in PQ AB AC AB ipa 
reptunghic > oii gee oe ar ee ee = 


Problema 104 


in AABC ascutitunghic inaltimea AA’ este cea mai mare dintre cele 
3 ale triunghiului si este egala cu mediana BM. Ardatati ca 
m(ABC) < 60°. 
Solutie 
Ducem ML 1 AB,L € (AB) si 
MK 1 (BC),K € (BC) 
=> MK = ~ AA’ si cum BM = 
AA' > 


1 
= MK =>BM > m(MBK) 
= 30 


LM ==CC’ 
=a 


Cum inaltimea AA’ e cea mai mare > 
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1 a — 
= ML<>BM= m(ABM) < 30° sim(ABC) < 60° 


Problema 105 


Fie ABCD un trapez cu bazele AB = 2b, CD = 2a(b >a) siM 
mijlocul segmentului AB iar N mijlocul segmentului CD. Daca 
MN = b — a, aratati ca ADB nu poate fi un unghi drept. 


Solutie 


Se cunoaste ca in trapez M,N si 
P, intersectia laturilor neparalele 
AD si BC, sunt coliniare. 

Cum APDN ~ APAM, notand 


pre! DN _PN 

= NE ae i 
a wwe 
b epee 


ax +ab—a*=bx> 
=> x(b-—a) =a(b—-a) 
atunci x = a. Cum PN = ain 


triunghiul DPC mediana PN este jumatatea lui DC atunci ADPC este 
dreptunghic in P. Daca si unghiul ADB ar fi dreptunghic atunci din B am 
cobori doua perpendiculare pe AD cea ce este absurd. 


Problema 106 


Fie AABC ascutitunghic si AD,BE si CF inaltimile sale, iar H 
ortocentrul. 
Aratati ca: 


(a+b+c)? 
AD:-AH+BE:+-BH+CF:-CH > —————, 


6 
unde a = BC,b = AC sic = AB. 
in ce caz avem egalitate? 
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Solutie 
25 abc 


AD = —,S = — 
a 4R 


Deoarece AH = 2RcosA,BE = 2RcosB siCF = 2RcosC, 
2S 2abc 

avem:AD - AH = —:2RcosA = ——:2RcosA = 
a 4aR 


b? +c? —a? 
= be cosA = 5 


1 1 
= VAD AH =>) (b? +0? =a?) = 5 (a? +b? +02) 


Cum din inegalitatea Cauchy-Buniakovski 


TE as he tik Dan cuk nit 
> a* > a, obtinem imediat inegalitatea din enunt cu 


egalitate pentru a = b = c, adica AABC este echilateral. 


Problema 107 


Rezolvati in R ecuatia: 


sin?941 x + cos? x + sin??? x = 2. 

Solutie 

Avem: 
sin?°71 x + cos?921 x < sin? x + cos?x =1 
Cum sin?! x + cos?91 x = 2 — sin??? x => 
>2-sin??x<1> 
= sint?*? x > 1S sin2 "4? y = 11 si, de aici, 
sin?°71 y + cos?947 x = 1 
Din sin?°74 x =1> 
a)sinx = —1 > —1 + cos?°71 x = 1 => cos?°?! x = 2 Fals, sau 


b) sinx = 151+ cos?1x =1 > cos*!x=05 
=>cosx = 0 
Din sinx = 1 si cosx = 0 gasim solutiile ecuatiei: 


xe {F+ 2kn|k € 2} 
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Problema 108 


Aratati ca daca 3 sinB = 2sin(2a +f) si cosa # 0, cos(a + 
B) # 0 atunci5tga = tg(a +f). 


Solutie 


Avem: 
sinfB = 2[sin(2a + B) —sinB] = 4sinacos(a + B) si 
3sinB =2sin(a+P +a) =2sin(a + B)cosat 
+2 cos(a + B) sina. Din cele dou relatii rezulta: 
3sinB = 12sinacos(a+ B) = 
= 2sin(a + B) cosa + 2 cos(a + Bf) sina si, de aici, 
10 sina cos(a + B) = 2sin(a + B) cosa. 
imp€rtind aceasta ultima relatie cu 2 cos(a@ + B) cos a, gasim 
5tga =tg(a+ f). 


Problema 109 


Fie a,b,c € (0, 7) astfel incat cosa=tgb, cosb=tgc si 
cosc = tga. Aratati ca: 
v5-1 


sina = sinb = sinc = 


2 
Solutie 
Avem: 
;: nee sin? b 1 Hl cos*c ‘ 
cos? a = ee 
oe cos*b  cos*b sin’ c 
- 1 eo 1 pe 1—cos?a ae 
ae ee THGOS? Ge. ee a 
cos? c sin? a 
de aici cos* a + cos? a — 1 = 0, adica 
pe ENO od ar ies Cee 
cos*a = —>—. Convine cos? a = si atunci 
2 
3-vV5 /V5-1 
sin? a = 1—cos*a= 5 =( 5 ) de un 


¥5-1 


sin? a = . Analog pentru sin b, sinc. 
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Problema 1102 


in dreptunghiul ABCD construim GH || BC punctul G € (AB) 
iar punctul H € (AD) si EF || DC punctul E € (AD) iar punctul F € 
(BC). 

FieGH NEF = {M}si AH NCE = {K}. 

Demonstrati ca punctul K este pe cercul ce contine picioarele 
inaltimilor A DGF. 


Solutie 


A E D 


ee ; H 


B F c 
Fie X,Y, Z - mijloacele laturilor A GDF. 
Vrem sa demonstram ca punctul K apartine cercului celor 9 
puncte al AGDF. 
Demonstram ca B, X, M coliniare 


GM || BF - 
GB || MF| > GMFB- dreptunghi = BM 0 GF = {Xx} 


deci X - mijloc. 

Analog pentru’ dreptunghiurile FEDC,ADHG deci 
B,X,M; C,Z,E;A,Y,H coliniare. 

Dem. ca AH NCE N BM = {K}. 

Cum AH NCE = {K}. 

Consideram transversala A — K — H pt ACDE. 


Cum 


? Propunere pentru clasa a VII-a de prof. Dan Lucian Grigorie - Craiova. 
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Aplicam teorema lui Menelaus > — -—-— = 1; 
AD HC KE 
AE _ AE. AD _ ME BF KC ME : : 
dar — = —; —=— 3 —:—:— = 1 > conform reciprocei 
AD BC’ HC MF BC KE MF 


lui Menelaus in A FCE => B,K,M coliniare, deci BM trece prin K. 

Demonstram ca patrulaterul KXYZ - inscriptibil. 

In A BKC: &BKC = 180° -(&KBC + &KCB). 

In dreptunghiurile GBFM si EFCD > «MBF = &KBC = 
aGFB si «ECF = xDCF > &KBC + &KCB = &GFB + &DCF = 
180° — xGED = 180° — &XYZ > a&XKZ=aAXYZ deci KxXYZ- 
inscriptibil si punctele apartin cercului lui Euler pt A GDF. 

Deci K este pe cercul ce contine picioarele inaltimilor A GDF. 


Problema 1112 


Fie X1,X2, «Xp, € {-1;1};n = 2 astfel incat n € IN 
2023 2023 2023 
et Xo ane x 
afi Sect ae ee =0 
x2 x3 Xn x4 


a) Pentru n = 2024 dati exemple de astfel de numere 


b ) Aratati ca n este numar natural divizibil cu 4. 


Solutie 
a ) Obs ca pt x1 = 13%. = %3 =X, = -—1L x5 = 1X6 = XZ = XQx= 
—1...%2921 = 1) %2022 = X2023 = X2024 = —1 


se formeaza 502 grupe de cate 4 numere a caror suma este 0. De aici 
concluzia. 

b ) Deoarece fiecare fractie are valoarea —1 sau 1 se obtine imediat ca 
n este par, adican = 2k, k € IN. 


42023 35043 2023 


2023 
jena, a 


Cum a tb Ones Te cei | 
G 7 zs E (x1 «..Xn) 


si pe de alta parte avand k fractii egale cu —1 si k fractii egale cu 1 
din produsul anterior > (—1)* -1* = 1 
de unde n = 41, l- numar natural. 


3 Propunere pentru clasa a VIII-a de prof. Dan Lucian Grigorie, Craiova. 
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Problema 1124 
Fie ABCD un dreptunghic cu AB = 1, BC = 21 si M un punct 
in interiorul sau astfel incat MAB = MBA= 15°. Determinati 
masurile unghiurilor triunghiului MCD. 
Solutie 


Fie E si F mijloacele laturilor BC si AD ale dreptunghiului. 
Cum ABEF este patrat demonstram ca A MEF este echilateral 
(proprietate cunoscuta). 


A F D 


Se considera un punct N in interiorul A BME astfel incat A 
BNE =A MNE. Atunci A BMN este echilateral (avand NBM = 60° 
siBM = BN). 

Se arata in continuare ca A BNE =A MNE (1.U.L.), unghiul 
ENM = 360° — 60°— 150° = 150° > ME=BE_ si _asemanator 
MF = AF considerand A EMC care este isoscel. Cum BEM = 90° — 
60° = 30° > MEC = 150° > ECM = EMC = 15°. Analog FMD = 
15° = CMD = 60° — 15° — 15° = 30°. Cum A MCD este isoscel > 
Wh = nee ee 75° 


MCD = MDC = 5 


4 Propunere pentru clasa a VI-a de prof. Dan Lucian Grigorie si prof. Lucian 
Tutescu. 
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Problema 1135 


Determinati numerele reale x astfel incat expresia — sa fie numdar 
intreg. 
Solutie 
x s 2s. es 
siugugs KEL kx (3k +1)x+5k=0 
Penttu k=O>x=0. Dacd k#0, A=(3k4+1)?- 
20k? = -11k? + 6k +1>0>511k?-6k-1<0 
Cum 11k? — 6k — 1 = Oare radacinile 
6+V36+44 3420 3-—v20 34+ ¥v20 
1.2. = Fe eke ie |. — | 
; 22 11 11 11 
De aici k = 0, care nu convine (suntem in cazul k # 0). 


Fie 


Asadar singurul numar real care convine este x = 0. 


Problema 114 
a) Fiea,b € R’° astfel incat 
(ab)*4° + 4(ab)7° = 2(a21° + 521°) 
Ardatati ca cel putin unul din numere este irational. 
b) Fiea,b € R* astfel incat 
(ab)1882 + 4(ab)°*1 = 2(a2823 + p2883) 
Ardatati ca cel putin unul din numere este irational. 


Solutie 


a) Relatia se scrie (a1*° — 2b7°)(b1*° — 2a7°) = 0 de unde 
2.70 2, 70 2 2 
(-) = 2 sau (-) = Oadica < € Qsau — € Q de unde concluzia 
b) Relatia se scrie: (a1®8* — 2b941)(b188* — 2a%41) = Osi 


se procedeaza ca la a). 


5 Propunere clasa a VIII a de Viespescu Carina si Militaru-Cismaru Gabriela, 
eleve, Craiova. 
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Problema 115° 


Fie x,y,z > o astfel incat (x+y)(y+z)(z+x)=1. Ardtati ca 


5 (x+y)Jjx2+xy+y2 


>V3 . in ce caz avem egalitate ? 
xty+2xy 


Solutie 


Din xaKy tyes (x+y)? => J/x2+xy+y2 > Gas (1) 


ix (xt+y)Jx2+xyty? _ _ vxttxyty? fx2+xy+y? _ 


xt+yt+2xy 14 XY Tg HY 
x+y 2 


2/x2+xy+y2 s (x+y)V3 
x+y+2 ~ 2(x+y+2) 
fe at hat al nag (xtyV3 
Raméane sa aratam ca v3 sau 1. 
SP o aaa) ty+D) = ° lee 
Fie x+y=a, y+Z a z+x=c. Evident abc=1 si ramane sa aratam ca: 
a 


—+—+—21 
at+2 b+2 c+2 — 


sau 


at+2-2 
»» wae >1, adic’ —— + —— + < 1. 


Efectuand calculele: 
12 +4, a+Yab<9+ 
+4, a+2) a, adica }' ab > 3 , care rezulta din 


yy ab > 3Vabbcca = 3 


Egalitatea este pentru a=b=c => x=y=z => 8x? =1=> K=s 


, conform (1). 


Problema 116 


Fie nEN* si x>1, xER. 


xNtl_y-(nt1) 


Aratati ca 
y n+1 n 


® Propunere de prof. Marian Cucuoanes, Marasesti, prof. Lucian Tutescu, 
Craiova. 
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Solutie 


y2nt2_4 y2n 


Avem <=> n(x"? -1) > (n+1) x (K""-1) |: x-1>0 


(nt+1)x"t1 nxn 


n(x? +x79 +O +x? +x +1) > (nt) (OT + X7PT + +X? +X) <=> 


2n-1 2n-1 


xem) tnx? +. +x? +nx +n > nx” +nx7"" 4+... +mx? +nx + X72 +x 
+... +X? +X <=> 

nx 4n > x77 4x72 4 1 +X? 4K 

aratam ca x7*2441> x24 xk kaa on 

xe 41 > xX 4x 

xen +1 > x2nt +x? 


X21 4g D> MFT py si prin adunare 


xt gr > xh exh k= 0,n 
ant. _ x2rk +1+ xe >o 
x7mk okt a) — (x11) > 0 <=> (x7? *- 1)(x""1-1) > 0, pentrux>1. 


Problema 1177 
Fien = 3 Siz, Z2,..., Zn €C astfel incat |S| = |S-z,| + | S- Z2 
|+ | S-z,|+..+|S-2) |, unde S = 2,+Z.+...4+Zn. 
Aratati Ca Z;= Z2 =... = Zn =O. 
Solutie 


Avem (n-1) (|S-z;| +| S-z. |+ |S-z,|+..+]S-z |) =| 


(n-1)S| = | S-z,+S-z,4+S-2z,4+ +...4+5-2| s |S-z,| + | S-z.|+ 
|S-z,|+..+|]S-z| 

> (n-2) (|S-z,| +| S-z.|+ |S-z,|+..+|S-m|)< 
0 si de aici |S-z,| + | S-z.|+ | S-z,|+...+ | S- Z| =0, adica |S- 
z:|=|S-z|=|S-z,| =..=|S-2 |=0,deunde S-z,=S-z, 
=S$-Z3 =... =S - Zn =O, iar de aici Z, = 22 = ... = Zn = O. 


7 Problema pentru clasa a X-a de prof. Butaru Zizi-Iuliana si prof. Betiu Anicuta 
- Craiova. 
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Problema 118 


Determinati cel mai mic numar n€ N*pentru care exista numerele 
reale X1,X>,....Xnastfel incat |x,| +|X2| +... |Xn| = 2017 + |X,+X2+...+Xn]. 


Solutie 


IV 


Deoarece n>|x:| +|X2| + ... [Xn] = 2017 + |Xit+X2+...+Xn 
2017=> n= 2018. 
Aratam ca n= 2018 este numarul cautat. 
017 


r ; 2 : 
Intr-adevar pentru X:=X2= ... =X1oo9 = F018 St Xto10= Xion =.= 


2OUTS ; . 
X2018 = - 557g obtinem cerintele problemei. 


Problema 119 
Fie x, y, Z > 0 astfel incat xy+yz+zx =7. Ardatati ca 6(x? +y?) +272 21. 
Solutie 


Cum 9x? +z?> 6xz_ (4) 
oy? +z°= 6yz (2) 
3(x* +y’)= 6xy (3), prin adunare=> 12 (x* +y*) +2272 6 
(xy+yz+zx) =6- 7, adica 
6(x? +y*) +272 21. 
Egalitate avem cand avem egalitate in (1), (2) si (3), adica 3x=z, 3y =z 


si X=y => X=y=1 Si 2=3. 


Problema 1208 


a Banshee ies 
Fie A= 47°°"° , aratati ca: 
a) Anuse poate scrie ca suma a doud cuburi de numere intregi 


b) Anuse poate scrie ca suma a trei cuburi de numere intregi. 


8 Problema pentru clasa a VI-a de prof. Cremeneanu Luiza Lorena si prof. 
Prunaru Constantina, Craiova. 
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Solutie 


A = (5-9 + 2)? = My + 270% = My + 27°. 4 = My + 8°? - 4 = My + (9 
- 1)°?- 4 = My + (My + +1): 4 = My 

Cum resturile unui numar intreg la impartirea cu 9 pot fi 0, 1 sau 8 
obtinem imediat a) si b). 


Problema 1212 


Fie a, b, c lunigimile laturilor unui triunghi ABC care verifica: 
a? +b? +c? —ab(at+b)+bc(b+c)—ac(at+c) =0 
Ardatati ca triunghiul ABC este dreptunghic in A. 


Solutie 


Relatia din enunt se scrie: 
(a* — bb? —c*)(a—b—c) = 0. 
Cuma >b+c> a? = b? +c?, de unde concluzia. 


Problema 122’° 


Fie a, b,c € N* astfel incat (a + b)?** = (b+. c)** = (c +a)*. 
Arataticda = b =. 


Solutie 


Fieat+b=x,b+c=y,c+a=z, deorecexY = y* = z* 
vom arata cax = y = z. Presupunem x < ysidinx” = y*>y>z. 
Cum y* = z* >z<xsidinx” =z* >x > y fals! 

Analog daca presupunem x > y obtinem x < y (fals!). 

Asadar x = y si de aici x” = y* = z* de unde x = z asadar 
x=y=zZ. 

Revenind la enuntul problemei gasima+b=b+c=c+a 
side aicia =b=c. 


° Propunere pentru clasa a VII-a de prof. Zaharia Gigi - Craiova. 
© Propunere pentru clasa a V-a de prof. Meda Iacob Elena si prof. Gilena 
Dobrica - Bechet. 
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Problema 123” 


Rezolvati in R ecuatia: 


VE#S +Ve=8 = VT z45—va—8) +V5. 


Solutie 
Din (Vx +5 + Vx —5)(vx +5 — Vx —5) = 10 notandt = 
vx+t+54+ x—5 > Oavemt = V10- "+ V5 de unde t? — 


v5t—10=0 
12 = PEE uty = —V5 < Osit, = 2V5>0 
vx +5+vx—5 = 20 
atuncif 1 siad2vx+5= 20+ 
VXFS—VX—-S =F 
<x F5 => 
4 


_ 1681-80 _ 1601 


2 
: sae 41 

sideaicix =— —5 

} 16 16 16 


Problema 124” 


Pentru ce numere reale x, numerele x + V2021 si ; —V2021 sunt 


numere intregi? 
Solutie 


Fie x + V2021 =m si=— 2021 =n,undemn €Z>x=m-— 


: 1 _ 
> 1—-—mv2021 + 2021 = nm — nv2021 © 2022 —nm 
= (m—n)v2021 


" Propunere pentru clasa a X-a de prof. Cremenenanu Luiza si prof. Nedelcu 
Irina - Craiova. 

* Propunere pentru clasa a VIII-a de prof. Vasile Roxana si prof. Tacu Dana - 
Craiova. 
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Cum vy 2021 nu este numar rational> m =n sinm = 2022 > 
(1)m =n = ¥2022 
(2)m = n = —V¥2022 


Daca avem: m = n = V2022 > x = ¥2022 — ¥2021 

Dac&i avem: m = n = —V2022 > x + ¥2021 = —V2022 >x = 

—V2022 — ¥2021 

Asadar: x € {¥2022 — ¥2021, —V2022 — ¥2021 }, in concluzie: 
x = +V2022 — 2021 


Problema 125*3 


Fie a € (0,1) si (X_) nso un sir cuXy = b > Osix, = a2 +at 


/Xn-1 — 2a la + /Xp-1n = 1. 


Atatati cd (xy) n>o este convergent si calculati lim xp. 
n->00 


Solutie 


Z 
Avem Xn = ( lat JXn-1 - a) > 0 de unde: x, => 0, (V)n E N*. 
Cum la + ./Xy_1 = a deoarece 


a+./xn-1 =a’ cae este adevarata deoarece a > a’, (a E (0,1)) 
obtinem ./xX, = {a+ fxn, —a,adicaa+/xX, = fat JxXy_-1. 


Fie Yp= la + ./x, CcUYo = Vat b. Atunci y? = yp_1, de unde yp, = 
ya ” (inductie). De aici lim y, = 1 sidinx, = y2 — a, rezulta 
n- oo 


(Xn)nz>0 este convergent si lim x, = 1—a. 
n—-0o 


3 Propunere pentru clasa a XI-a de prof. Cremeneanu Lorena-Luiza si prof. 
Prunaru Constantina - Craiova. 
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Problema 12614 


Fie ABCD un patrat, in exteriorul patratului sa construim 
triunghiul echilateral ABE si triunghiul echilateral EDF astfel incat 
punctul B este in interiorul sau. Determinati m(BFE). 


Solutie 


Notam latura patratului cu a. 


AABE DA = DO | eae 7 
Astfel avem | ED=FD |= =AADE = ACDF > FC =a 
EDF = FDC 


=> m(FCB) = 60° > AFCB —echilateral> FB = BE = a 


= AFBE — isoscel, 
Avem m(FBE) = 150°, astfel m(BFE) = 15°. 


Ee 


>©¢ 
ot 


4 Propunere pentru clasa a VII-a de prof. Lucian Tutescu si prof. Grigorie Dan 
- Craiova. 
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Problema 127'5 
a) Dati exemple de doud numere rationale strict pozitive distincte x siy 
we Deo, Se 
astfel incat x + me yt 7 5a fie naturale. 


b) Dati exemple de 3 numere rationale strict pozitive distincte 
x, y,Z astfel incat numerele 


1 1 seer 
x+—>—y+—siz + — Sd fie naturale. 
yz XZ xy 
c) Dati exemple de 3 numere rationale distincte x, y, Z astfel 
isha 1 dy! 1 
incat numerele xy +=yZ+=— sixz+-. 
Zz xr? y 
Solutii 
1 
a) x=2,y=- 
2 
b) x=1y=2,z= 
2,Z= 


NIRNIR 


c) x=1y= 


Problema 1287° 


Fie un triunghi ABC avand AB=AC=a,BC=b si 
m(ABC ) = 40°. Dacé (BD este bisectoarea unghiului B, iar D € 
a’b 
b2-a2’ 


(AC), demostrati ca: BD = 


Solutie 

Construim ABCE echilateral (in exteriorul AABC). Cum 
m(A) = 100°, m(B) = 20°. 

Din ADB=BEC=  patrulaterul BDCE _ inscriptibil 
=> m(DEC)=20°. 


*S Propunere pentru clasa a V-a de prof. Chirita Simona - Craiova. 
6 Propunere pentru clasa a V-a de prof. Patrascu Ion si prof. Grigorie Dan - 
Craiova. 
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BED AOS pene og 
DE DC 
Deci ye ~, dar DE = BD + DC (Relatia Von Schooten) > ——_, 
DE AD+DC 
Wp BOE “ 
b ” DC b-a (a) 
DC BC b DC 


Aplicand teorema bisectoarei in AABC > —~=—=- 5 = 
AD AB a AD+DC 


b DC _ »b ab 
a+b a atb a+b 


Problema 129’”” 


Fie a, b numere pozitive astfel incat a:b = 1. 
Aratati ca: ab(a + b) — 10ab + 8(a + b) = 8. 
in ce caz avem egalitate? 


‘7 Propunere pentru clasa a VIII-a de prof. Ciulcu Claudiu si prof. Dana Camelia 
- Craiova. 
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Solutie 

Inegalitatea se scrie: ab(a+b)(ab+8) =10ab+8. 
Deoarece a + b > 2Vab vom arata ca: 
2Vab(ab + 8) > 10ab + 8 sau notand Vab = t > 1 rezulta: 
t(t? +8) >5t? +463? —5t?4+8t-4>0e(t—-1)(t? - 
4t +4) = 0 sau: 
(t-—1)(t —2)? >0. 

Egalitate avem pentru t = 1 sau t = 2 adica Vab =1 sau 
Vab = 2 dar sia + b > 2Vab adica: 

a=b=1saua=b=2. 


Problema 13078 
Determinati numerele intregi n pentru care exista a, b,c € Z astfel 
incatn? =a+b+csin? =a? +b? +4+c?. 
Solutie 
(a+b+c)? — (a? +b? +c?)? 
; = 


=> 2n3 > n* —n3 sau 3n? > n* > n3(3 —n) = 0, de unden € 


ne =a*4+b?4+c? >ab+bce+ca= 


2 (n?2)?-n3 


{0,1,2,3} 
Pentru n = 0, gisima = b =c = 0, 
a=b=0,c=1 
Pentru n = 1, exif =c=0,b=1, 
b=c=0,a=1 
a=b=2,c=0 


2 2 (a 
a’ +b +¢ = 8 se gisesc a=c=2,b=0, 


Pentru n = 2, ar trebui { 


atb+c=4 b=c=2,a=0 
2 2 2. 
Pentru n = 3, ar trebui eg EP = As cu solutia: 
at+b+c=9 
a=b=c=3. 


8 Propunere pentru clasa a IX-a de prof. Lucian Tutescu - Craiova. 
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Problema 131’? 
Precupeata Ioana vinde in piata oud. Ea reuseste sa vanda intreaga 
cantitate in 4 zile dupa cum urmeaza: 
ae dct ideids . . Gc8 Lo 
- Inprima zi vinde 3 din cantitatea totala de oud si 3 dintr-un ou, 
‘ she yeas ; oe ee meee 
- Ina doua zi vinde . din cantitatea rdmasa dupa prima zi si 3 
dintr-un ou, 
‘ ee : ey S ll 
- Ina treia zi vinde : din cantitatea ramasa dupa a doua Zi si = 
dintr-un ou, 
rN ee Zi. es 5 e, te ee 
- In cea de-a patra zi vinde 2 din cantitate dupa a treia zi si z 
dintr-un ou ramanand astfel fara niciun ou dupa cele patru zile. 
Cate oud a avut precupeata intial? 
Solutie 
Notam cu x - numarul total de oua. 
“ : Cee 2 1 iy Sok! 2 x 1 
In prima zi vinde: ars ramanand: x — (Z “x+ ;) = 5 ou 
(noul rest), 
a Paar 2 (x 1 1 RY x 1 2 (x 1 
In a doua zi vinde: =(=— =) += ramanand: =—=— [=(§-5) + 
3\3 3/3 3 
x 4 r 
| = —— —- oud (noul rest), 
3 9 9 


“ . a 24% 4 1 oe x 4 2 (x 4 
In a treia zi vinde: =(=—2) ++ ramanand: =~ >—[2(2-5) + 


1 13 
;| =F 2 = oud (noul rest), 


31 27°27 
* rer 2(x 13) 1 13 
In cea de-a patra zi vinde: = (= - =) += ramanand: ———-— 
3\27. 27) 3 27. 27 
2(x : : 

E (=- =) + s|== = —— —- oua (noul rest), insa dupa cea de-a patra 
zi precupeata Srianend fir niciun ou inseamna ca noul rest este 0. 

. x 40 x _ 40 ; 
Deci: —-—=008—=—5>x = 40 oua. 

81 81 81 81 


Precupeata a avut initial 40 de oua. 


‘9 Propunere pentru clasa a V-a de prof. Grigorie Ramona Carmen si prof. 
Boborel Maria - Craiova. 
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Problema 1327° 
Ardatati ca pentru orice n = 3, exista numerele naturale nenule distincte 
X4,X2, .+,Xp astfel incat produsul: 
P ( : + : oh eae : ) 
= X4Xq ue X_({— tte te 
1¥2 nT Xn 

sa fie patrat perfect. 
Solutie 


Vom cauta sa facem paranteza egala cu 1 adunand la suma 
termenilor unei progresii geometrice alti termeni. 


Fie 
1°? iy Ly 
m=(5) ot2= (ga) vena = (Gee) 
LAP 1. “4 
~ (; 7) ae (; a) 
Atunci 
ea Gtat pees )+ 4 
en oe x ~\9 ° 22 Qn-2 3.2n-2  3.2n-2 
1 1 
= Qn-2 9n-2 1 
iar produsul cautat este 
(n—2)(n-1) 
VA ry) ea re ae ee Aas) 2 +2n—-—5-3? 
n2+n-8 n(n+1) 
29 2 eae 


(n 


care este patrat perfect pentru a = par, decin = 4k saun = 4k +3 


Dacan = 4k + 1saun = 4k + 2 putem alege numerele 
1 1 ub 


1\71 1\~ 1 \~ qT. A= 
m= (5) m= (qe) tee = (Ger) a= (Ege) 
dt 


(unden => 5) 


2° Propunere pentru clasa a X-a de Viespescu Carina Maria, eleva - Craiova. 
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si atunci 
eee toa(Stotetoea)t 1 rn 4 
Ky Xe X,  \2 22 gn-2)  5+2n-2 5. 2Qn-2 
1 1 
= Sat fone 
iar produsul de calculat devine 
2: 22 “ot Qn-2 «Gs gn-2 ame Qn-4 = sO 120-6 : 52 


n?4+n-10 n(n+1) 


=2. 2. -52=2 2 -°-52 

Pentru n = 4k + Lavem “*2 _ 5 = (4k + 1)(2k +1) —5 = par 
iar pentrun = 4k + 2 avem “2*) _ 5 = (2k+1)(4k+3)-5= 
par deci x1, 2, ...,X, este patrat perfect. 


Problema 1334 
Calculati determinantul: 
1 1 1 Me siceies | ae Ke | 
1 22+1 3 eres 3:73: 3 
d= 1 3 32420 5S cess 53 5 5 
1 3 5 443. 7 7 7 


ds 2n-5 (n-1)?+(n-2) 


1 3 5 rere 2n-5 = 2n-3 n?+(n-1) 


unde n=2, neN. 


*. Propunere pentru clasa a XI-a de prof. Tutescu Lucian si prof. Vasile Roxana 
- Craiova. 
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Solutie 


inmultim prima coloana cu -1 si o adundm la celelalte coloane si 


obtinem 
1 000 ~ tn... 00 
1 22 2. 2 Pie) 
d= 1 2 324+1 Be etches 44 
12 4 GC oscca (n-1)?+(n-3)  2n-4 
1 2 4 6. whist 2n-4 n?+(n-2) 


Rezolvam dupa prima linie si apoi dam factor comun pe 2 de 
pe prima linie si inca un 2 dupa prima coloana in determinantul 
obtinut. Avem: 


1 1 V- —-maxilds 1 1 
1 341 4 ow... 44 
d= DF sccvsdaeddevaalassesbabseasesaedaasescdedecacsssbesesabiayviasleasdsbebssaseseneaals 
1 4 6 ~~ a (n-1)?+(n-3) 2n-4 
1 4 Go ks 2n-4 n?+(n-2) 


inmultim iar prima coloana a determinantului anterior cu -1_ si 
adunand-o la celelalte coloane, scoatem factor comun pe 3*. Continuam 


procedeul si obtinem: 
(n-1)? n-1 
n-1 n74+1 


=2?-3”. wake 


d = 27-37. .., -(n-2)?- = 27.37... -(n-2)?-(n- 


jai > 2 
1 n?4+1 
-(n-2)?-(n-1)?-n? =(n)!2__ Asadar_d=(n)!? 
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1 0 0 0 
1 2 0 0 

A= 1 1 3. .. 0 det(A At) =n!=det A-detAt =(n)!? 
1 i 1 n 


Problema 13477 


Gasiti cifrele a si b astfel incat numarul a123456789987654321b 
este divizibil cu 144. 


Solutie 


Cum 144 = 16-9, ultimele patru cifre 321b trebuie sa formeze un 
numaéar divizibil cu 16 , astfel rezulta ca b = 6. 
Cum 1+2+-++9 = 45 si numarul se divide cu 9 rezultaa + b: 9 


adicaat+6:9>a=3. 
Asadar a = 3,b = 6. 
Problema 13573 


Fie x,y,z > 0. Ardatati ca: 


x+ +Z Z+X 
xy + yz+2x => ./xyz oe io + | 5 


In ce caz avem egalitate? 


2 Propunere pentru clasa a V-a de prof. Preda Oana si prof. Sanda Iulia - 
Craiova. 

3 Propunere pentru clasa a VII-a si a VIII-a de prof. Grigorie Dan Lucian si 
prof. Lupu Razvan Tlie - Craiova. 
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Solutie 


Ridicand la patrat inegalitatea initiala vom obtine: 
(xy)? + mel? + 2. + 2xyz(x+y+z)= 
= +e BED a 


2 xyz( 


yan a fs Pete x+y |zZ+x 


= (xy)? + (yz)? + (2x)? + 2xyz(x+y4+z) >xyz(xtyt+zt+ 


x+y |ytzZ yz |Z+x x+y |Z+x 
2 | : 2 | : 2 : 
2 2 bs 2 2 ue 2 2 ) 


Deoarece avem urmatoarea inegalitate: 
(xy)? + (yz)? + (2x)? = xyz(x +y +z) 
ce se deduce din: a? + b? +c? > ab+ bc +.ac pentrua = xy, 


b=yz, c = zx, ramane sa demonstram ca: 


x+y |ytzZ ytz |Z+x x+y 


x+ytz2 
Z+x 
2 
sau: 
2xtytzzJjxty-fytzt+Jfytzvzext+Jxty 
NEE a 
Sau: 


2Zetytz=xtytxt+zt+yt+z= 


=(/x+y) +(vx4z) +(/z+y) > 
MOY IV ELH IV Pale to V+ x (am 


folosit inegalitatea a? + b? +c? > ab + bc +.ac) 
Egalitate vom avea in cazul x = y = Z. 
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Problema 136 
Fien € N*. 
Aratati ca nu exista numerele intregi x1, X2, ..., X14, astfel incat: 
xt +xg+--+xf, = 200...015. 
a 
de n-ori 


Solutie 


Vom folosi urmatorul rezultat: ”Restul puterii a patra aunui numar 
intreg este 0 sau 1 la impartirea cu 16” adica: x* = 0(mod16) sau 
x* = 1(mod16). 

intr-adevar: 

daca x = 2k,k €Z>x* = 16-k* = 0(moa16) ,iar 

daca x = 214+1,1EZ>x* = 41(1+ 1) = Mg +1, (deorece l(1 + 
1) : 2) si atunci: 

x* = MZ +2:M,+1=1(mod16) 

Atunci conform rezultatului anterior : x + x3 +--+ xf, = r(mod 
16) unde r € {0,1,2,...,14}. 


Cum 200 ...015 = 15(mod 16) obtinem cerinta enuntului. 
den-ori 


Problema 13774 
Determinati numerele prime p si q astfel incat p* — q si p* + q sa fie 
de asemenea numere prime. 
Solutie 
Evident p si q nu pot fi simultan impare. 
Asadar avem doua cazuri: 
- Dacap=2>16-—qsi16+q numere prime, convine gq = 
3 siq = 13. 


*4 Propunere pentru clasa a V-a de prof. Tutescu Lucian si prof. Grigorie Dan 
Lucian - Craiova. 
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- Dac&q = 2 atunci p* — 2 si p* + 2 trebuie sa fie numere 
prime. Pentru 
p=3kt1>p*+2= GRE1)*4+2=Me4+142= 
M3 si p* + 2 > 3, asadar p = 3k de unde p = 3 si atunci 
p* —2 = 3*-—2 =79 respectiv p* + 2 = 34 +2 = 83. 
in concluzie p = 2 siq = 3;p = 2siq = 13 sip = 3 siq = 2 sunt 
numerele cautate. 


Problema 13875 
Fiex,y > Osix?+y? =x — y. Sase arate ca: 
a x‘y<1l, 
b) x? + yy? <1 


Solutie 
x3 -y3 x34y3 


os : + 4.2 2 
a Fag y<lsix*t+y* <1 


xetxryty%= 


Problema 1397° 


Fie f:[1918; 2018] > R, f continua pe [1918; 2018] si derivabila pe 
(1918;2018) astfel incat f(1918)=1918, f(2018)=2018. 
a) Aratati ca exista x, , X2,.....X100€(1918;2018) toate distincte 
astfel incat f(x) +f (x2) +.... +100) =100 
b) Daca, in plus, f este strict crescatoare , ardtati ca exista Y; , Y2 
1 1 


F101) = f'(V2) 


yy YnE (1918;2018) toate distincte astfel incat 


1 


ai f'(Y100) noe 


*5 Propunere de prof. Tigae Alina si prof. Miu Simona - Craiova. 
6 Propunere de prof. Tutescu Lucian - Craiova. 
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150+1 PROBLEME (si solutiile lor) 
Solutie 


a) Aplicam teorema lui Lagrange pe intervalele 
[1918; 1919], [1919; 1920],...,[2017; 2018] (0 suta de 
intervale) si avem: 

f(1919) - f(1918) =(1919 -1918) f(x,) , XE (191831919) 

f(1920) - f(1919) =(1920 -1919) f(x.) , X2E (191931920) 

f(2018) - (2017) =(2018 -2017) f(Ki00) , X100E (201732018) 

de unde, prin adunare obtinem : 

f(2018) - f(1918)= f(x) +f(x2)+....+ P (Koo), adica 

P (xi) +f (x2) +....+P (X100)=2018-1918=100,CU X1<X2 <....<Xi00 (distincte). 

b) Fie ao = 1918<a,<as<...<Aioo = 2018 astfel incat f(a.) = 1019 , 
f(az) = 1920, ... , f(aioo)=2018 (exista a, ao, ... , Azoig din 
continuitate $i monotonie). 

Aplicand teorema lui Lagrange pe intervalele 
f(a1)-f (ao) 
a,—ag 


[ao; ay, [a4; ay, weny [ag9; Q400],obtinem =f (y:) cu yi€ 


i : a 1 
(ao, ai) , de unde ee f(y.) sau aa ai — ao,CU Vi€ (ao, ai) , Po 
1 
= a2 - a,y2€ (ao , ai) , «. ss = At00 - AgoV100€ (agg » Aioo) 
f(¥100) 
1 1 


; 1 
Prin adunare => ——— . 


Fon foo?” F'O00) 100 , unde y: < yz 


Scene 


Problema 14077 


Fiea > 0,a # 1 fixat. Rezolvati in R ecuatiile: 
a) log x(x +2021) = logg(a + 2021) 
b) log, (x2°*1 + 2021) = log,(a?°?! + 2021) 


*7 Propunere pentru clasa a X-a de prof. Mirea Mihaela si prof. Grigorie Dan - 
Craiova. 
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Solutie 
In(x+2021)_In(a+2021) In(x+2021) Inx 


au =—, adica 
Inx Ina In(a+2021) Ina’ . 


a) Avem 


logq42021 X + 2021 = log, x = ysideaicix =a’,x+ 
2021 = (a+ 2021)” 


aY + 2021 = (a+ 2021)” © ei 
a+ 2021 
1 y 
Be (; + al =A 
Cum ——— < 1si—-—— <1>y = 1 solutie unica. 


a+2021 a+2021 
Atuncix =a 


b) Asem&nator cu a) > log ,20214.9994 («7071 + 2021) = 
loggx =y>ox=a 


(a?°21 4+ 2021)” = x71 + 2021 side aici (a2°7? + 
2021)¥ = a?9*1Y + 2021 


> —- +2021 (mtscx) = 1 cusolutia unica 


a202142021 a202142021 
(monotonie) y = 1 side aici x = a. 


Problema 1417° 
Aflati aria unui triunghi ABC, daca AB = 3, BC = 7 simediana 
BD =4. 


Solutie: 


3>4-4%= 


é ; : 2(BA?+BC?)—AC? 
Din teorema medianei BD? = 2¢patypetrac 


2(37 + 7*) — AC? = AC? = 2-58-64 = 52 
Din formula lui Heron: 


28 Propunere pentru clasa a X-a de prof. Prunaru Constantina si prof. 
Cremeneanu Luiza - Craiova. 
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S? = p(p— a)(p — b)(p —c) 
1 
=jeatbtoCatbtcja—bt+cjat+b—c) 
1 
= 76 (20° + 2b2c? + 2c?a? — a* — b* — c*) 
Cum BC =a=7,ac = b = ¥V52 si AB = c = 3, inlocuind gasim: 


1 
S? = 75 (2-49-52 42-52-9+2-9-49 — 2401 — 2704 — 81) 


1 
= S? =—--1728 = 108 > S = 6v3 


Problema 142 


Rezolvati in R ecuatia : x*y + y*zZ + 2°x = 2x’,/y — 1+ 2y? 
VZ—14+277vx—-1. 


Solutie 


Ecuatia se scrie (evident x=1,y=1,z21) 

2 2 2 
(fy — —1) + y(vz— —1) + 2? (Vx — —1) =o, de 
unde jy —1l=Vz—-—1==vx-—1 =1, adicd x=y=z=2. 


Problema 143 


Aflati numerele intregi x , y astfel incat x(x+1) = y (y +3). 


Solutie 


Avem 4X? + 4X = 4y” + 12y => 4x* +4x +1+8=4y7+12y+9 sau (2x+1)” 
+8=(2y+3)* sau 
(2y+3)* - (2x+1)? =8 => (2y+3-2x-1)(2y+3+2x+1) =8 
> (2y-2x+2)(2y+2x+4) =8 >(y-xt+1)(y+x+2) =2> 
9 ee a aa ed | 

oe +x+2=-2 
eee 

x= -2 


=> Z2y = —6=> y=-3 =>-3-K=-2 =>x=1=> 
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Vert l= =2. eee Ses 
as eo aygete So Maa 8 me oie ee IO Se 
ie 
x=0 
y-xt1=1 y=0 
eee ae => 2y=0 => y=0 => x=0 => {ro 
y-xt1=2 y=0 
em => ysonoxsaa> {70 
Solutiil ee eee eel a ee 
olutiile sun y==3 Wy S=3 tS thr so 
Problema 144 
Aratati ca : 5% ©1377 ¢ 329 > 27° © 13° © 318 «53! 
Solutie 
Seige Sdn ger, dared (2). (2) BS tn tO 
135-3413.531 =i 318.518 a 3718.58.510 155 5 y 
=) 
Problema 145 


Determinati f : R --> R astfel incat f(xy) = |x| f(y) + 2019f(xy) , V 
xy ER. 


Solutie 


Schimband x cu y > f(f(yx)) = ly| fOd+2019f(yx) > |x| fy) 
= |y| fod 
Pentru y=1 > f(x) = |x| f@ 
Pentru x=y=1 => f(fQ)) = f@ +2019f@) => fG@) = 2020f@) (a) 
Din f(x) = |x| f(a) luand x=f(1) => f(f(@)) = |f@)| f@) (2) 
Din (4) si (2) > |f()| f() = 2020fG) sau fG) (|f(a)| - 2020) =o si 
atunci f(a) € {0, —2020,2020} 
gasim solutiile f(x)=0, V x € R; f(x) =-2020|x| , Vx E R; f(x) 
=2020|x| ,VxER. 
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Problema 146 


Fie ABCD si AEFG patrate astfel incat GE(AB) si AE(ED) . Pe 
semidreapta (EB se consider punctual M astfel incat MD M (BC) ={H}. 
Ardatati ca daca E , G si H sunt coliniare, atunci ME = MD. 


Solutie 

E,F,Gcoliniare => m(HED) = m(GEA) =45° 

Proiectand H pe ED in H si {F’}=EF M BH => EFHH patrat cu EH 
bisectoarea 4FEH . 

Se obtine FB=HC si A BEA = A HDH => 4BEA = 4 HDH , adica A 
MED isoscel cu ME =MD. 


Problema 147 


Masurile unghiurilor unui polygon convex formeazd o progresie 
aritmetica cu ratia 3° . Stiind ca cel mai mare dintre unghiurile 
poligonului are 177° , aflati numdarul de laturi pe care poate sa-l aiba 


poligonul. 


Solutie 


Unghiurile poligonului sunt 177° , 174° , 171° , 171°,... , 177° -3° (n-1) 
si atunci (177° -(n-1)3°) + (177° -(1-2)3°) + ... +177° = (n-2) 180° <= 
n(n-1)3° 
2 
354°n - 3°n’ + 3°n = 360°n - 720° <=> 3n’ + 3n - 720° =o |:3> 


> n177° - =(n-2) 180° 


n* +n-240 =o 
A =1+ 4° 240 = 961 


Nh2 = 


poligonul are 15 laturi si unghiurile 135° , 138°, ..., 174°, 177°. 
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Problema 148 


n+1_y-(™+1) xn -n 
——— > ———___ 


: : Be i 
Fie nEM six>1,xER. Aratati ca 
a . nt+1 n 


Solutie 

ant2_4 2n_ 
Avem (ntiyxttt > nxn <=> n(x*"*? -1) > (n+1) x (x? -1) |: X-1>0 
=> 


m(x2*? 4x79 + +x? +x +1) > (nti) (OP FX°TT +O +x? +X) <=> n 
xemtt tnx?” +... +x? +nx +n > nx?” +nx?™1 +... +x? +x + X77 4X20 
+... $X? +X <=> 

nxt an > x7 txemt + +x? +K 

aratam ca x7? 4 4 > x24 Xk kaa on 

xem td > XD 4x 

xen +1 > xen +x? 


x2Pt1 4g D> MFT 4 yD si prin adunare 


a Ck On 
ant _ x2n-k +14 xkr >o 
ork (xt a) — (xP 4-1) 0 <=> = 1) 1) S 0 pentru x > 1. 


Problema 149 
Calculati 


(xyzt + mnuv) : 5= 
daca xn +my = 818i zv + ut =125 


Solutie 


xn +my = 8181 Zv +ut =125. 
Scriem numerele in baza zece: 10ox+n+10m+y=81. 
inmultim relatia cu 100: 
10Z+V+10U+t=125 
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150+1 PROBLEME (si solutiile lor) 


>1000x+100nN+1000Mm+100y=8100 
10Z+V+10U+t=125 
Adunam relatiile: 
1000X+100N+1000M+100Y+10Z+V+10Utt=8225 
Grupam termenii: 
(1000x+100y+10Z+t) + (1000M+100N+10U+V)=8225 
xyzt + mnuv = 8225 
(xyzt+mnuv):5=8225:5=1645 


Problema 150 


Restul impartirii unui numar la 8 este egal cu 7, iar al impartirii la 9 
este egal cu 3. Aflati restul impdartirii numdarului la 72. 


Solutie 


Fie n numarul dat 
Atunci 
n:8= c, rest 7 
N:Q=C2 rest 3 
Din teorema impartirii cu rest, avem 
n=8Cc i+7 
N=9C2 +3 
inmultim prima relatie cu 9 si a doua relatie cu 8 si obtinem: 
Qn=72 C, +63 
8nN=72 C2 +24 
Scadem relatiile: 
gn-8n=72c, + 63 -72C2 - 24 
nN =72(C, - Co)+39 
Din teorema impartirii cu rest, rezulta ca restul impartirii lui n la 72 
este 39. 
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Problema 150+1 
Observam ca 12? = 144,212 = 441,137 = 169,31? = 
961, 20217 = 4084441, 12027 = 1444804, 2022? = 
4088484, 22027 = 4848804. 
Aceste numere au proprietatea cad patratul rdsturnatului este 
rasturnatul patratului. 
Sd se arate ca exista o infinitate de astfel de numere. 


Solutie 
Prin calcul direct, se arata ca numerele de forma 1100...01 
verifica cerinta problemei. 


gO 


150+1 PROBLEME (si solutiile lor) 


Cuprins 
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150+1 PROBLEME (si solutiile lor) 
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150+1 PROBLEME (si solutiile lor) 
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150+1 PROBLEMS (and their solutions) 


Foreword 


This book is written for middle and high school students, for 
teachers and for those with a passion for math, containing 150+1 
problems (which are followed by solutions) to make it more accessible 
to the reader. 

The last problem (150+1), a very interesting one, leaves some 
space for comments and generalizations. 

The book is a collaboration between a multi-awarded student 
at Romania’s National Mathematics Olympiad (Carina Maria Viespescu, 
student in year 10 at Liceul International of Informatics Bucuresti), a 
teacher from Colegiul National “Fratii Buzesti” din Cravoia and prof. 
Dr. Emeritus Florentin Smarandache from the University of New 
Mexico. 

A couple of problems are proposed by colleagues, and their 
names indicated in footnotes. 
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Problem 12 


Consider the number 
em (1895 -1896:---: 2020)* 


125 
c) Determine the last 125 digits of the number A. 


d) Determine the last digit of the number 


A 
a Foca 
where the notation [-] represents the integer part. 


Solution 


a) Noting with v,(n) the exponent of the prime factor p in the 
decomposition of the non-zero natural number 7 into the product of 
powers of primes, we obtain: 


=P [eel tbl * w 
v,(n!) = |-|+]s}+]a]t+-, 

Dp p p? p3 

the sum in the right member having a finite number of nonzero terms, 
since for any n € N* there exists k € N so that p* <n << p*t1. 


Let C = 1895 - 1896 2020 = oe Using f | 
etC = a = Teoqr’ Using formula 


(1), we obtain v.(C) = v,(2020!) — v,(1894!) = 32 and 

V2(C) = vz(2020!) — vz(1894!) = 126. 
We infer that v.(A) = 4v.(C) — 3 = 125, and 

v2(A) = 4v.(C) = 504, respectively. 
In conseq., A is divided by 101°, so the last 125 digits of A equal o. 

b) The above calculation show that C = 212° - 534-k, and 

B = 2379 - k*, where k is an odd natural number that does not divide 
by 5. Since the last digit of k is 1, 3, 7 or 9, it follows that the last digit 
of k* is 1. Therefore, the last digit of B is the last digit of 237? = 
(29)? 23, Tec8, 


Sal 


* Problem dedicated to 100 years of existence of the "Gazeta Matematica 
(Mathematical Gazette). 
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Problem 2 


a) Prove that there exist 140 distinct natural numbers 
Ly, L2,°*+, L449 such that 


is a natural number. 
b) Prove that there exist 1882 distinct natural numbers 
Fi, Fo, ae » Figgo so that 
PF, F, Figg1  Figg2 
Fo OP Figg2 Fy 
is a natural number. 


c) Prove that there exist 2022 distinct natural numbers so that 
B, Bz By021 _ B2022 
By Bz B2022 By 


is a natural number. 


Solution 
a. Ly = 1, Ly = 139, L3 = 1397, ++, Liao = 139139. 
b. Fy = 1,F, = 1881, Fz = 18817,-++, Figgs = 18811881. 
Cc. By = 1, B, = 2021, B; = 20217, +++ Bogoo = 20212021. 


d. 
Problem 3 
Prove that: 
A = 1882 + +/18822 — 140 + 20222 — 140 + 2022 < 
1882-2022 
<< —— 
140 
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Solution 


We obtain: 


A < 1882 + 1882 + 2022 + 20022 < 4:2022 < 
2 1882 «2022 


4-140 < 1882 
140 because < 


Problem 4 


Prove that: 
a) 
b) 
c) 


i re 
— +——+——4++-4+— > 1 
140° 141° 142 140? 


1 1 
pe Ae ee 
1882 ' 1883 ° 1884" * 78822 

1 1 


he ch 
2022 2023 2024 * 30222 


Solution 


We show that for n € N,n = 2 it results: 
: E + z Si ss >1 
n ntl n+2 n2 


Thus, forn+1<m<n’?-1meEN> >= and then: 


1 1 ee Oa eet ae 
n nti n+2 n2°> n n2 n2 nz 
a AE = 
“n nz 
Problem 5 

Prove that: 

1 1 1 

A= —,—5 + — ptt + < 


3 I I 3 
18822-18832 18832-18842 20212 - 20222 
140 


. 1882 - 2022 
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Solution 

Since 

1 1 1 
< —_—_ = 
n(n+1) n n+l 
S 1 i 1 1 ree 1 1 7 
1882 1883 1883 1884 2021 2022 — 
1 1 140 


I 3 (V)n € N* we obtain: 
n2-(n+1)2 


~ 1882 2022 1882-2022 


Problem 6 
a) Let x,y € R, so that: 

(x + x? +1) (y + Jy? #1) = 140. 

Prove that 141(x + y) = 139(vx? 41+ Jy? + 1). 
b) Let x,y € R,so that: 

(x+ x2 +1) (y+ Jy? +1 
Prove that 1883(x + y) = 1881 
c) Let x,y € R, so that: 

(x+ x2 +1) (y+ y7+1 
Prove that 2023(x + y) = 2021 


= 1882. 
Ware se y? +1). 


= 2022. 
Vx2 414+ JSy2 + 1). 


——_~ ——_~ 


Solution 


We show that if 


(x+ x2 +1) (y+ Jy? +1) =a>0,then 
(a+ 1) +y) =(a-1)( x? +14 y? +1). 


In fact, x + Vx? + =a y?+1-y) 


2+1+y 


and analogously, y + Jy? +1 =a(vx?2+1-— x). Added together, 
the two relations lead us to the required relation. For a= 
140, 1882, 2022 a), b), and c), respectively, are obtained. 
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Problem 7 
Prove that 140!, 1882!, 2022! are not perfect squares. 
Solution 


For 140! we observe that the largest prime number < 140 is 139 > 
the exponent of 139 in 140! is 1 > 140! It cannot be a perfect square. 

For 1882! we observe that the largest prime number < 1882 is 
1879, found only once in 1882! > 1882! It cannot be a perfect square. 

For 2022! we observe that the largest prime number < 2022 is 
2017, found only once in 2022! > 2022! It cannot be a perfect square. 


Problem 8 
Prove that 140!!, 1882!!, 2022!! are not perfect squares, where (2n)!! = 
2:4:-6:--:(2n),n € N*. 
Solution 


Applying Legendre's formula to find the exponent of a prime p in 


T  epae=Be[2] +(e 


exp of 2 in 140!! = expof 2in 140! = 
140 140 140 140 140 

seabed rales 
is obtained, which is an odd number. 

Analogous to 1882!! 

For 2022!! = 21911 - 1011!, 1099 is the largest prime number < 
1011 => 1009 is found only once in 1011! - 
- 21011 = 2022!! is not a perfect square. 


Problem 9 


Find the smallest natural number n = 2, such that each of the following 
equations 
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a) xy!+x2g!+--+x,! = 140! 

b) x4! 4X2! +++ x,! = 1882! 

OC) Xz! 4+ xX! +--+ x,! = 2022! 
has solutions. 


Solution 


We obtain: 
x1! < 140! x1! < 139! 


| ! l< | 
. x,! + 140! _, %2! = 139! eee 
Xn! < 140! Xn! < 139! 
>x,! < 139! 
140! = x4! + x2! +--+x,! <n- 139! 
>n2 140 
For n = 140 avem x1 = ++ = Xy49 = 139 
b)n = 1882 
c)n = 2022 
Problem 10 


Show that therre is no n € N*, so that the sum of the digits of lui n! is 
2022. 


Solution 


Ifn = 6 > Nn! is divided by 9, since the sum of the digits of n! does 
not divide by9 >n <5. 
Analyzing n = 1,n = 2,n = 3,n = 4 we obtain the conclusion. 


Problem 11 


Show that the number 2021!+ 2022! can be written as the sum of 
2021 consecutive natural numbers, but it cannot be written as the sum 
of 2022 consecutive natural numbers. 
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Solution 


2021! 2022! =x + (x+1)+--+(x +2020) => 


2020: 2021 
=> 2021! 2022! = 2021x + —————_ = 


= 2021x + 1010: 2021 > x = 2020! 2022! — 1010. 

The same if we assume that the number 2021! 2022! is written 
as the sum of 2022 consecutive natural numbers, for x € N we should 
have: 

2021!2022! =x+(x+1)+--+ («4+ 2021) = 
= 2022x+1+2+4+-:-+2021= 


2021-2022 
= 2022x + ——~——— = 


= 2022x + 2021-1011 whence 
2022x = 2021! 2022! — 2021-1011 false, because 2022 is an even 
number and 2021! 2022! — 2021-1011 is an odd number! 


Problem 12 


Determine the non-zero natural numbers m and n to which: 
1! 2!-- nl =m. 
(Let p! = 1:2:-:+-p,wherep = 1 is anon-zero natural number). 


Solution 


We note that (n,m) € {(1,1), (2,2)} is valid and that n = 3 does 
not provide any result. We look for n = 4. 

Let p be the largest prime number at most equal tom. Then m < 
2p — 1(*), so, if m = 2p, Bertrand's postulate confirms that there 
exists a prime number q for which p < q < m, which contradicts the 
maximality of p. 

Ifn < p, the the left side of the equality is not a multiple of p, while, 
absurdly, the right side is. Thenn = p.Ifn = p + 1, then the left side 
is a multiple of p?, and so is the right side. Thus, m > 27, is false. 
Therefore,n = pandms2n-1. 
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Further, it is shown by induction after n that for n = 7 we have 
1!-2!----nl > (2n—-1)!, so n<6. If n= 6, the right side is 
divisible by 7 (because m > n) while the left side is not. The casesn = 
4,5 are directly verified and it is noted that they do not generate any 
solutions. 


Problem 13 


Calculate V2022 + a — ¥1882 + a?, if: V2022 +a? + 
v1882 + a? = 140. 


Solution 


2022 + a? — 1882 — a? 
V 2022 + a2 + 1882 + a? = —____—_ = 
v2022 + a2 —V1882 + a? 


Problem 14 
The string (ay),n € N* is defined as follows: 
=, if nis even 
A, =5,An+1 = a, +51 


,if nis odd. 
Calculate A140) 91882 and Q2022: 


Solution 

Since a, = 5,a2 = 28,a3 = 14,a, = 7,as5 = 29,a, = 40, 
a7 = 20,ag = 10, a9 = Sand itis noted (by induction) that agmip = 
Qy (periodical of the main periodic 8). 

On account of 140 = 17:8+4 


1882 = 235:84+2 
2022 = 252-8+6 
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A149 = 7 
therefore {Q1g82 = 28 
A2022 = 40 


Problem 15 


Show that there isno a,b € Z such that 
(a + b + 2)1882 = 2022(ab + 1)1*°. 


Solution 


Since 3|2022 >a+b+2:3 and ab+1: 3, relations that 
cannot exist simultaneously for a,b € Z. 


Problem 16 


Let a, b,c € N%*, so that 
(a+ b)?*¢ = (b+c)ot4 = (c+a)*?. 
Show thata =b=c. 


Solution 


Letat+b=x,b+c=y,c+ta=z. 

Since x” = y* = z* we prove that x = y =z. 

Assumint that x < y and fromx” = y* >y >z,as 
y* =z* >z<xandfromz* =x” >x > y false. 

Analogously, if we assume that x > y, we get x < y (false!) 

Therefore x = y and hence x* = x* = z*, whence x = z. Thus, 
Cay Sz, 

Returning to the problem statement, we finda +b=b+c=ct+a 
and hence a = b = c, q.e.d. 


Problem 17 


Prove that the equation: 
xr yn = 7Nt2 


has infinitely many solutions in natural numbers. 
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Solution 
eae? 
y= qnti 


z=a"-b,wherea = b"t? -1,VD EN. 
Substituting into the equation, we obtain the answer. 


Problem 18 


Prove that the number 
A = 5123 + 6453 + 7203 is a composite number. 


Solution 

3+ 720:512+645 = 2-720° 
=> A=512? + 6453 + 720? = 5123 + 645? + (—720)? = 
= 3:-720:512:-645 

From the formula: a? + b? +c? — 3abc = 
=(at+b+c)(a*+b?+c*—ab—bc-—ca) the reqgirement 
derived. 


Problem 19 


Let A be aset of real numbers with property (V)a,b € A > a*b? € A. 
Show that (V)a € A ensues: 
a) a4 € A; b) a0000 € 4 


Solution 


aecAraatEeAra”~ EAR 
= q100 = (g4)2(gI%)2 EAs giMeAs 
> 91600 € 4 ~ (q1600)2(q400)2 — @4000 & 4 


1000 — (a7? )4 (qi Oy? 


From a € A we obtain 


qi000 = east lal (Repeat EA. 
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Problem 20 


2 2 
ay 2 At40 _ 1 2 a440 
a) StS tert ee tt et 
BS ge a ae: a a 
2 3 1 2 3 1 


In which situation is there equality? 
4 74 


4 
a, a2 Qigs2 _ 41 a2 Q1882 
b) tte te ttt 


In which situation is there equality? 
8 8 


8 
a a a a a a 
1 2 2022 1 2 2022 
c) State tests tet 
5 a3 ay a2 a3 ay 


In which situation is there equality? 
Solution 


From the Cauchy-Buniakovski-Schwarz inequality: 


ae a aa a, a An\? 
as a a 


an 
for — =— =: = —,hence a, = a, =*' =Qy. 
a, a3 ay 


For n = 140 a) is obtained. For b) and c) proceed as in a). 


Problem 21 


Solve in the set of non-zero real numbers the system: 


1 
1882 _ 1.2022 
x4 + 1882 = XZ +1 
1 
1 
1882 _ 1.2022 
x2 + 882 = x3 +1 
2 
1 
1882 _ 1.2022 
X40 + ger = 1 +1 
140 
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Solution 


From 


1 

=> xj°?? > 1 whence x? > 1, and wherefrom — < 1. 
ee 
k 


Summing the equations of the een member by casa we obtain: 


1882 1882 1882 = 
Pepe? aig OEP oven aged Be? ae gen + ga +~ + aap = 


= 2022 4. 42022 4... 4 2022 4 140, Since x}88? < x202? gi 


1882 < 1,k = 1,140 we find x,°°* = x?°?? and 1882 
k k 
where x7 = 1,k = 1,140 wherefrom xj, X2,°**,Xy49 € {-1,1} 


(a total of 214° solutions). 


=1 


Problem 22 


The strictly positive numbers a1, Az, b4, bz, Cy, C2 verify 
b2 < 4a,c,,b2 < 4apcp. 
Show that: 
a) 4(a, + az + 1882)(c, + cp + 2022) > (b, + bp + 140)? 
b) 4(a, + az + 2022)(c, + cz + 2022) > (by + by + 140)? 


Solution 


From the trinomial sign we have: 
a,x? +b,x+c,20,vxER 
a,x* +b x+c,>0,vxER 
1882x* + 140x + 2022 >0,vxER 
=> (a, + a, + 1882)x? + (b, + bp +140)? +c, +c, + 2022 > 0,V 
x € R from where 
(b, + by + 140)? — 4(a, + a, + 1882)(c, +c, + 2022) < Dive. a). 
b) Obtained analogously, considering 
2022x? + 140x + 1882 > 0, Vx ER. 
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Problem 23 


Show without calculating whole parts: 

a) gilogs 140] <140< qiloge 140]+1 

b) 3llogs 1882] < 1882 < 3llogs 1882]+1 

c) 5llogs 2022] <2022< 5llogs 2022]+1 
where [a] is the integer part of the real number a. 


Solution 


a) (A)k € Nai: 2% < 140 < 2+ (1) 
=>k < log, 140 <k+1= [log, 140] =k and substituting in (1) 
results a). 

b) (A)k € Nai: 3% < 1882 < 3**4 (2) 
and by logarithmizing to base 3, 
k < log; 1882 <k +1 = [log; 1882] =k and substituting in (2) 
results b). 

c) It proceeds as in a) or b). 


Problem 24 


Let z be such that z +z +1 = 0. Calculate: 


140 b) 771882 Ss 


2022 
a) a 7140’ 71882’ c) 4 a 72022" 


Solution 


By multiplying the relation z? +z+1=0cuz—1> 23 =1. 
Then: 


1 1 
140 _ 7138, 72 — (73)46 . 72 
a)Z + a =2 Z + ae g2 = @) Zot 
1 nd ol ze41 23+z4+1 z4+1 —-2z? 
T Gayenge i Ras aa Z2 as en age we 
1 1 1 z7+1 -z 
1882 _ 71881, = = = oe 
b)z + Heer = 2 z+, 2 +5 po ee 1 
1 
2022 — (73674 _ - 
c)z + roma = (2°) tGger Se 
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Problem 25 


Let z and w two complex non-zero numbers, so that z* + wz+w? = 
0. Calculate: 


Z 140 w_ 140 
a)A= ( ) + ) 
Z+w Z+w 
Zz 1882 Ww \1882 
b) B= ( ) # ( 
Z+w Z+w 
Zz 2022 Ww. \2022 
Oa ere) MA eres) 
Z+w Z+w 
Solution 


If z = w, then 3z? = 0,i.e z = 0 false. Therefore, z # w and 
wherefrom z? — w? = 0. We obtain z = ew, where ¢ is a non-real 
complex root of order three of the unit (¢ # 1 sie? +e+1=0). 
Then: 


( € a ( 1 y = e140 +1 2 e- (7) +1 a 
Bad ~ (€+1)149 (—22)140 


e=+1 —E —E —E 


280 eae Gaeoe  e 
Similarly, B = 1,C = 2. 
Problem 26 
Let a,b,c > 0, so that: 
1 1 
> 1. 


Ga, GD Can 

111 
Demonstrate that: -+—+-2 3. 

a bec 


Solution 


From the hypothesis it results that ab + bc + ca + abc < 4 


ab +bc+ca+abc 
af (abc)? < 5, = =1>abc <1. 
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7 eens 1 
a he oe abel > 
siabc <1 


1 1é41 
> we obtain -+-—+->3 
boc 
with equality fora = b=c = 1. 


Problem 27 
Let x,y,z > 0, such that 
1 1 1 
——_ + = + 
2x+1 2y4+1 


>2 
2z+1 


Show that: ; + 7 + 5 > 12. In which situation is there equality? 


Solution 


1 
By solving the calculation 7 Sxyt+yz+z7zx + 4xyz 


as 7 >xytyztzx + 4xyz > 44/4(xyz)3 => 


< — —= > 6 
> => 
XYZ Sa; >2 


ees eas 8 3} 1 3 
Then, -+-—+—2>3 /— 23,726 = 12. 
an eA xyZ 
1 
Egwhenxy = yz=2x =4xyz>x=ysz— 


Problem 28 
Let x,y,z >0,sothatx+y+z=3. 


Show that: 
1 1 1 6 
x+y xX4+z2 yz” xyt+yzt+zx 
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Solution 

xXyt+yZ+Zx xXy+yz+2zXx od Aa Lins LS 
x+y x+Z ytZz ~ 
xy XZ VZ 

or +——+x+y+Zz<6 
x+y X4+Z yz 
xy XZ YZ 

> oo + <3 (1) 


REV BEG Vee 


Ss) kale ORES ee ee eo 
Le ey 5 with egfor x = y 
XZ = +2Z an f - 
eS a egforx =z 
Z +2Z 
Z ee? with egfory =z 
yz 2 


(1) is obtained, with eg for x = y= z = 1. 


Problem 29 


Let X1,X2,3, V1, V2, V3 be positive real numbers. Show that: 


1 1 1 
X1 + 1)(X2 + V2)(x3 + +4/ + a ) = 20 
(X1 + Yi) (X2 + ¥2)(%3 + V3) X1¥1 = =X2¥2 X33 


Solution 


We have E = (x4X2 + X1¥2 + y1X2 + ¥1V2)(X3 + y3) + 


1 1 
4( + + ) = X4X2X3 + X4X3V2 + V4X2X3 + 
X1¥1 %X%2¥2 X33 


1 
FX3 V1 V2 + X4X2V3 + X1V2V3 + V1 3X2 + Vi V2y3 + ek + 
11 
1 1 1 1 1 1 
+ + 
X4Y1 X11 X11 X22 X22 X2Y2—— X22 


1 
+ 


+ 


X3¥3 X33 X33 X33 


150+1 PROBLEMS (and their solutions) 


Problem 30 


Show that the number N = 1882 1883 --- 2022 can be the difference of 
two perfect squares.. 


Solution 
N must be of the form a? — b? = (a— b)(a + b). 
Ifa and b have the same polarity, then (a — b)(a + b) : 4, butN = 
M, + 2. 
Ifa and b have different polarities, then a? — b? is odd, but N is 
even. 
=> there is no number n matching the conditions. 


Problem 31 
Prove that the product P = X4X2°**X449 of the first 140 prime 
numbers cannot be 1 greater or less than a perfect square. 
Solution 


P:2, but not by 4, but x?-—1=(x—1)(x+1) gives the 
remainders 0 or 3 when dividing by 4. 
P : 3, but x” canbe M3 or M, +1 
>x*-14M; 


Problem 32 
Determine the prime number p so that p+10,p +50 to be also 
prime numbers. 
Solution 


p = 3, convenient. 
Ifp=3k+15>p4+50=3k+51:3. 
Ifp=3k+2>5>p+10=3k4+12:3. 
Therefore, the only convenient number is p = 3. 
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Problem 33 


Show that 3*°*1 + 1 can be written as the sum of 3 perfect squares 
forany nEN. 


Solution 
It results from identity: 
g4nti +1= (32” = 1)? + (32” = 3”)? + (3” + 327)2. 
Problem 34 
Find the values of n € N for which 2" — 1 divides by 7 nd show that 
there isnon € N so that 2" + 1 is divisible by 7. 
Solution 


The remainders of 2” when dividing by 7 are 1, 2,4 where n = 
3k, k € N are the numbers that have the property that 2” — 1 divides by 
7 and since 2” + 1 results in the remainder 2, 3, 5 when dividing by 7, 
the requirement of the problem is obtained. 


Problem 35 


For which values of n € N does the number 3” — 1 divide by 13? Show 
that there is no an € N so that 3" + 1 divides by 13. 


Solution 


The remainders of 3” when dividing by 13 are 1, 3,9 from which n = 
3k,k €N. Since 3” + 1 gives the remainder 2, 4, 10 when dividing by 
13, the problem requirement is obtained. 


Problem 36 


Compare the fractions: 
10138 +1 10139 +1 
) 793941 MTOM yT' 
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10188941 101881 4.1 
) ipreer yy yore 7' 
L020, OE ad 
792021 4 702022 47° 
Solution 
Let n = 2. Let’s compare 
TOP L.A. 
104144 1074244 
ee a aa oo ee aa, oD al 
(1o"#2+1)(10"#2+4+1)=N 
- OE OP IONS ed OS OS 
7 N 
_ 10"(10% +1 2-10) _ 10"-81 | 
7 N ON 
the first fractions are the largest. 


Problem 37 
Find the real roots of the equation: 


—1 3-x 


— 4)140 3 — x)140 = 
a) (w — 1) | + (3 — x) 40 | = 2; 
x—-1 3-x 

_— 1)1882 3 — x)1882 ey 

b) (x — 11882 | + (3 — x) 188? | = 2; 
x-1 3-Xx 

_— 1)2022 4s(Be 92022 ante 
OGD | Oa 


Solution 


Evidently, x # 1,x # 3 six € (1,3). 


anjx —1 
Let =t>0,neEN’. 
3-x 
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The equation is written as follows: (3 — x)t? -—2t+x-—1=0 


with the roots 
Sa 
= an = -——. 
1 2 3 —x 


anjx —1 
From =1>x =2and from 
3-xXx 
anix—-1 x-1 =) F 
— = 2S | = 
3-x 3-x Co 


3 = 
Therefore, the euqations a), b) and c), respectively, have a single 


where =1>x=2. 
x 


real root, x = 2. 


Problem 38 
The non-negative real numbers x and y satisfy x + y = 2. Show that: 
a) (xy)? +?) s 2; 
b) (y)"99? (x? + y*) < 2; 
c) (xy) 7022 (x2 + y?) < 2. 
Solution 


It will be proved that (xy)?"(x? + y?) < 2, wheren € N*. 

Let x =1-—z,y=1+z cu ze€[0,1]. Then the inequality 
becomes (1 — z7)?"(2 + 2z7) <2 or (1 —27)?"(14+27) <1 or 
(1 — z7)?"-1(1 — z*) < 1, whichis true. Equality is identified when z = 
0,ie.x =y=1. 


Problem 39 


Find x € R such that 7* — 3* = 40. 


Solution 


We observe x = 2 as solution. The equation is written as follows: 


(2) ieee 
3) ~1> 3x 


150+1 PROBLEMS (and their solutions) 


ae () poi AO AO FAD 
>[{- = =o = — 

i 3 9 go ge gu 

if0<x<2 (2) (eos ae 

ee ce 9 Gee Be 2G. 


Therefore, x = 2 is the only solution of the equation because x < 
0 is not possible. 


Problem 40 


Solve the equation in R: 
2022* — 1882* = 140. 


Solution 


From 2022* — 1882% >0>x>0. 

Notice that x = 1 is the result. 

22\” 140 
ce) =i igggn 
< 1 and observe 


We write the equation ( 


that for x > 1,the left memner is larger than —, 


and the right member is smaller 


and for O<x<1 the left member is' smaller’ than 


2022 : : : 
ar ree and the right one is larger than it. 


Problem 41 
Determine the number of digits of te number [v2 + v3), where 
[a] s the integer part of the real number a. 
Solution 
We have 
200 100 
(V2+V3) =(5+2V6) <6 +2-2,5)70 = 10700 


200 100 
(V2+V3) =(S+2v6) > (542-2,4)10° = (9,8)10°, 
We will then show that (9,8)1°° > 1099. 
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10 99 1 49 
a= a en 
aa). =) 
( P =) 1060 3 10 _ 90 900 og 
49 98 98 98 98 ns 
Therefore, 101°? > (v2 + V3) >10% => (v2 + v3) ha 100 


digits. 


Problem 42 


Show that there are infinitely many pairs a,b, c € R such that 


Vatb+vb+ct+vct+aeEN. 


Solution 
atb=k? 
b+c=k3 
6+ O= ke 
(4) 
ki t+ke+k3 
cth+o=—— 
k2 — k2 k2 
a er 
2 
paki tks 
~ 2 
—k2 + ko +k3 
c¢ = 
2 


Problem 43 


Show that for n € N the number n2°2* — n + 1 cannot be divided 
by 2022. 


Solution 


2022 


n —n+1 isan odd number! 
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Problem 44 


Let x,y € N* such that x + y + 1 divide x* — y? + 1. Show that x + 
y + 1 cannot be prime number. 


Solution 


We have x* — y7+1=(x4+1)?-—y*-2x= 
=(x*+y+D@-—yt1)—-2x. 

Since x* —y*+1 is divided by x+y+1>5x+y41|2x. 
Assuming that x + y +1 =p (p, prime number) we obtain p|2 or 
p|x which is false, because 
pH=xtyt1>2sip=xtyt1>x. 


Observation 


Forx =2,y = 1, 
x?—-y*4+1=4ixty+1=24+1+41 = 4and 4 is composite or 
x = 3,y =2,x?-y*+1=9-—4+41 = 6 which is divided by 
x+y+1=3+42+4 1 = 6 andalso 6 is a composite number. 


Problem 45 


Show that ifa? +b? +c?ia+b+c, thna+b+c is composite, 
a,b,c EN’, 


Solution 


a? + b? +c? — 3abc(a+b+c)(a? +b? +c* —ab— be - ca): 
: (a+b+c) > 3abc:at+bt+c 
Ifa +b +c was prime, then a + b + c would divide 3,a,b orc. 
But: 
at+b+c>3 


atb+c>a 
atb+c>b 


atb+c>c 


=> Impossible > a + b + c composite 
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Problem 46 
Show that if x* + y* —1 divides byx + y +1, thenx+y+1 
is composite. 
Solution 


x2 +y?—1+2xy —2xy = (x+y)? -1-2xy = 
=(x*+y-D@t+yt+1)—-—2xy> 2xyixtyt1 

If x +y +1 was prime, then x + y+ 1 would divide 2,x or 
y. But x + y + 1 is larger than these factors> 
>x+y+1# prime > x+y+1 composite. 


Problem 47 


Let x,y € N,x => 3,y = 3 such that x3 + y? + 3x?x — 8 is 
divided by x + y — 2. Show that x + y — 2 cannot be a prime 
number. 


Solution 


We have 
ey? 4+ See = 8 = yy = 2237? = 
=(x+y—2)[(x+ y)* + 2(x + y) + 4] — 3xy? and from here x + 
y — 2|3xy?. 

If we assume x + y — 2 = p,p prime number, p|3 or p|x or ply. 

Sinceex +y—22>34+3-2=4andx+y—-2>x, 
x+y—2> y gives that x + y — 2 is not prime. 


Observation 


For x = y = 4we have x? + y? + 3x*x -8 = 
= 44449 +3-435-8=4:-(164+164+ 48-2) = 
=4-:78:x+y—2=4+4-—2=6 and obviously 6 is not a prime 
number. 
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Problem 48 


Let a > 0. Solve the system of equations in the set of nonzero real 
numbers: 

x4 

—txy=a>t+a? 

y. 

4 

y 2.98 
BB +xy=a°+1 


Solution 
From these two equations we notice: 
4 4 
x 
~ = a® +a? —xyand > =a? +1-xy. 
y x 


By multiplying the relations we obtain: 
x*y? = a3 (a? + 1)? — a? (a? +1) —- (a? + 1)xyt+ xy? > 
=> x*y? = a3(a? +1)? — (a? +.1)2xy + (xy)? 


aa eS eee 

~ (a3 +1)? — 

4 
=== a8 

y 

y4 

men 

ye a aban 

yt=xreoxtay? 

ay? jy? S yo = aos y= ta 
fy=asx =a" 

y= = Sx = =a" 
Problem 49 


Find the real solution to the equation 


1 
xe +x +xt5=0. 
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Solution 


3x3 + 3x? +3x+1=0or 
2x2 + (x +1)? =0>x+1 = —x¥Vx and from here 
1 
M241 


Problem 50 
Solve the equations: 
a) x3 — (1+ ¥140)x? + 140 = 0 
b) x3 — (1 + V1882)x? + 1882 = 0 
c) x3 — (1 + V2022)x? + 2022 =0 


Solution 
a) Let 140 = t and we note the equation as t? — x*t + x3 — 
x? = 0 with A= x* — 4(x3 — x?) = (x? — 2x)? from where 


x2 + (x? — 2x 
p= via =* 


From here, x; = V140 siv140 =x?-x > 
1+y1+4v140 


2 
b), c) Proceed as in a). 


=> X23 = 


Problem 51 
Solve in R the equation 
xo = 9? eg = yA = 0, 
Solution 


We multiply the equation by x2 + 1 and get x19 +1 = 0. 
Since this equation has no real roots and si x” + 1 > 0 we conclude 
that the given equation has no real roots. 
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Problem 52 


Let a,b € R,a # b. Find the real roots of the equation (a — x)° + 
(x — b)® = (a—b)?>. 


Solution 


Le a—x=y,x—-b=0. We have w+0=a-—b and po t+ 
0° = (a —b)°. Since 
w+ 0° = (Ut 9)(ut — u3d + p79? — Wd? + 94) = 
= (ut 9)[((u + 9)? — 2ud9)* — w9(a — b)? + p79?) = 
= (a—b)[((a— b)? — 2u9)* — w9 (a — b)? + u?9*7] = 
= (a—b)° > (a—b)* = (a— b)* — 4(a — b)? 9 + 
+4(m9)* — (a — b)? + p79? and from here 
5y292 — 5(a — b)*u9 = 0 from where we obtain x, = a and x2 =b 
as the real roots. 


Problem 53 


Find all the triples of real non-zero numbers a, b, c for which the numbers 


a,b b c c a 5 
—+-,-+- si —-+-— are integers. 
b c’c a”* a b g 


Solution 


ye = aces ora ith EZ 
aa ee me te oe X,V,Z : 
Letx + y+z=sS. Then: 
a s-—2y b s—2z c s—2x 
Be 2 oe ge 2 

c a b 
Furher: (s — 2x)(s — 2y)(s — 2z) = ps a= 8. 


From here: s — 2x,s — 2y and s — 2z canbe (2, 2,2); (2,—2, —2); 
(—2, 2, —2); (—2,—2, 2). 

Since s—2x+s—2y+s—2Z=s, S=6 or S=—2 are found. 
Then: 

(x,y,z) € {(2, 2,2), (—2, 0, 0), (0, —2, 0), (0, 0, —2)}. 

We obtain: (a, b,c) € {(tr, +r, tr)|r € R*}. 
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Problem 54 
Solve the equation in the R set: 
vx —1+V2—x=1. 
Solution 


Evidently, x > 1. Leta = Vx —1 sib = V2 —x. Then 
a+b=1anda? +b? = 1 from where (1 — b)? + b? = 1, ie.: 
b(b—1)(b+2) =0. 

Ifb=O035a=1>5>x=2. 

Ifb=1>5>a=0>5%x=1. 

Ifb=-25>a=3>x=10. 

Thus, the equation has 3 real solutions: x, = 2,x2 = 1,x3 = 10. 


Problem 55 
Show that there is no n € N* such that n° — n+ 1 divides by 
n2tnti. 
Solution 


Froomn'+nt+1=n>—-n?4+n?4+n4+1=n2(n?-1) + 
tn274+n4+1=n2(n-1)(m24+n+1)4+n2?4+n4+1= 

= (n* +n+ 1)(n3 — n? + 1) we obtain 

n> —n+1=(n?24+n+1)(n? —n? +1) — 2nand from here 
n*+n+1|2n which is false, since n?+n+1>2n for né 
N*(n?-n+1=n(n—1)+121>0). 


Problem 56 
Let a,b,c € N*. 
a) Show that the equation x* + y? = 2z® has an infinity of non-zero 
natural number solutions. 


b) Show that the equation x* + y? + 2° = 3t®° has an infinity of 
non-zero natural number solutions. 
Generalization. 
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Solution 

a)Letz=kEN*>x=k?,y =k? as results. 

b)Lettt =kKEN*T > x =k", y=k™,z = k™ as results. 

Generalization. If a1, a2,°*:,Ay, € N* given (n = 2) it follows that 
the equation x91 + x29 +++ +x,% = ny™”% has infinitely many 
solutions in N*. 

Ify =k € N* sip = a, -*: dy it implies that the solutions will be:: 

Pp Pp Pp 


Xy = k%1, x2 = K%, +++, Xy = kM, 


Problem 57 


Let p be a prime number, which is not a divisor of 140. Determine the 
integers x and y such that 
(2022x + y)* = px(1882x + y). 


Solution 


Since p| (2022x + y)* > 2022x+y=pa,a€Z and from 
here p|x(1882x+y). If plx, from p|2022x+y= ply, and if 
p|1882x + y we get p|140x where from p|x. Therefore, 

X = pxX1,Y =py1,b,c €Z_ substituting into the inequality in the 
statement, it leads that (2022x, + y,)? = px,(1882x, + y). 

We repeat the reasoning and conclude that x and y are divided by 

any power of p, hence x = y = 0. 


Problem 58 
Show that the number A = 23° + 1 is divided by 25. 
Solution 


23941 = (219) +1=12047 +1= 
= (Mj, -—1)? +1 =M,,-14+1= My). 
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Problem 59 
Is there x,y € N, such that 
2* +2) = 2022!? (nl =1-:2-3-----n)? 
Solution 


From 2” = r(mod7) > r € {1,2,4} > 
=> 2* + 2¥ =1,(mod7) with 7, € {2,3,4,5,6}. Since 2022!:7 > 
there is no x, y € N with the property in the statement. 


Problem 60 


Find the natural numbers x and y, such that 
x+y 


5 —.f/xy =1. 


Solution 


Since the relation is written as: (vx — Jv) =2> 
=> |vx — Jy| = V2. Ifx > y, then Vx = ¥2+ Jy > 
>x=2+yt+2/2y > 2y =k?,k EN, hencey = 217,1E N 
andx = 2+ 217 +41 = 2(1+1)?. 

If y > x, we find x = 21? and y = 2(1 + 1)?. 


Problem 61 


Show that there are infinitely many natural numbers such that: 


x+ 

a) — — Jay = 140; 
x+ 

b) ~~ — fay = 1882; 


x+ 
C) —- J xy = 2022. 


Solution 


a) x =2:140k?,y = 2-140(k +1)2,k EN 
b) x = 2:1882k2,y = 2:1882(k + 1)?,k EN 
c)x = 2+2022k?,y =2+2022(k + 1)2,k EN 


134 


150+1 PROBLEMS (and their solutions) 


Problem 62 


Let f:R > R, f(x) = ax? + bx +¢, 
a,b,c € Rai. f(0), f(1), f(2) € Z. Show that: 

a) f (140) € Z; b) f (1882) € Z; c) f (2022) € Z. 
Solution 

f(2) — 2f(1) + f() = 

=4a+2b+c—-—2a-—2b-2c+c=2a>2aEZ 
f@—-f@O)=at+b+c-—c=a+beZ 
f(O)=cEZ 
f (140) = 1402a + 140b +c = (1407 — 140)a + 
+140(a + b) +c € Z because 1407 — 140 is an even number. 
f (1882) = 18827a + 1882b + c = (1882? — 1882)a+ 
+1882(a +b) +c € Z because 18827 — 1882 is an even number. 
f (2022) = 20227a + 2022b + c = (2022? — 2022)a+ 
+2022(a +b) +c € Z because 20227 — 2022 is an even number. 


Problem 63 

Let f: IR > R, such that f(x + 1) — f(x) = 
= 3x*+3x+1,(V)xER. 

If |f (x)| < 3, (W)x € [0,1] show that: 

If) | < 4+ |x/2(v)x ER. 
Solution 

Let g:R->R, g(x) = f(x)-x3 > 
> g(x +1)- g(x) = f(x +1) -(x +1)? - f(x) + x3 =0 
> g is periodic with period1 > |g(x)| < |f(x)| + |x|? < 4, 
(v)x € [0,1] > |g(x)| < 4, (V)x € R and therefore 
If) = lg) + x3] Ss lg@)1 + [xP <4 +4 Ix/? qed. 
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Problem 64 


Find the remainder of the division of the polynomial 
p = x2022 4 1882 4 7140 

to the polynomial q = x* +x +1. 
Solution 

Let x* +x +1 = (x—x,)(x — Xp), x1 ¥ Xp. 
Therefore, x;7 + x, +1 = 0|- (x, —1),x, #1 => x? = 1. Then: 
(x1) = x2022 4 71882 4 7140 = 
= 30" 4 eee ae Sat ae ae HS 
=> x — x,|p and, analogically, x — x2|p. 
Thus, piq>r=0. 


Problem 65 
Solve the equation in R: 
Vx? —4x +54 3x2 -12x +16 = —-2x?74+8x—-5. 

Solution 

Let y=x?—4x+52>1>0, because (x—2)? 205 /y+ 
Voy bl=—2y +54 
© Jyt+Jj/3y+1+2y-5=0 
Since f:[1,0) >R, f(y) = Vy +/3y+1+2y—5 is_ strictly 
increasing> f(y) = 0 has at most one solution. 
As f(1) = 0 => y = 1, unique solution> 
>x?-4x4+5=1e(«*-2)? =0>x=2, 
unique solution. 


Problem 66 


Solve the equation in R: 


Vx -14+vV3—-—x=x*-4x4+6. 
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Solution 

Evidently, x € [1,3]. Since x? —4x +6 = 
=(x-—2)?4+22>2>Vx—-1+v3—-x22/? 5 
>x-143-x4+2/(%-1)8-x) 24> 
> J/(x-1)8-x) =lor(x-1)8-x)2=1> 
>-x74+3x-34+x21> 
>0>x*-4*+4=(x-2)? > (x-2)? =05 
=> x = 2as the only result. 


Problem 67 


Show that if a,b,c > 0, then 
a>: De. G2 
a a Ae Deeds 
b ca 


Solution 


By using Holder’s inequality, we have: 
ab? ¢ 3 (GQ+b +c)? (ar bc)? : 


be a 3GREee- ~~ 8 
3(ab + bc + ca) 
2 = ab + be + ca. 
Problem 68 


Let a, b, c be positive numbers, such that abc = 1. 
Show that: a2 + b?+c? +ab+be+ca—a—b—c2>3. Inwhich 
situation is there equality? 


Solution 


— @ +b? +c%  satbdbtcr” ; 
Since —7z— 2 (| , we obtain: 

a? +b*+c2+ab+be+ca—a—b—c=a*+be+c74+ 
_atb+c—@? tb’ tc%) 


5 —(a+b+c)= 
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a+ bite? (atbtey 


5 : —(a+b+c)= 
1(at+bt+c)* (atbt+c)? 
Se = 
25 3 5 (a+b+c) 
_atbte 


= are ——[2(a + b +c) — 3] = Vabc(2 -3Vabe - 1) =3. 
We identify equality ina = b=c = 1. 


Problem 69 
Leta,b,c € Rai.a+b+c = 1. Show that: 
a? +b*+c7+12>4(ab+ be+ca). 
Solution 


a*+b2+c*+(at+b4+c)* >4(ab+bet+ca)e 
ea*t+b?+c*>ab+bct+ca 


1 
Equality fora = b= c = 3. 
Problem 70 
Prove that 
a jp MOTT ; : 
x a.l. = io ae eae 1S a prime number. 
Solution 
pee Te TOR +9 _ PRE WI) 96F -D) _ 
Ge Se 4 (x —3)(x-1) 
(x? — 1)(x? —9) 
= ea +3 
epee 
¥=-1=-15%=0 F=-3<0 ®) 
x-1l=15x=2F=5 (a) 
x+3=13x=-2 F=-3<0 (F) 
x+3=-l>x=-4 F=5 (A) 
>x € {-4,2} 
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Problem 71 


1 1 
E=-4-, knowing that x3 + y? + 3x?y? = x3y?. 
x y 


Solution 
O = (xy)? + (-x)? + (-y)? — 3xy(-x)(-y) = 
= (xy -—x—y) (x*y? +x? +y* +x2y + xy? — xy) 
I xy —x—-y=0|+1 
(x-1)Q-1)=1 


1 1 
1 1 X=y=2>5EF=-4+-=1 
x y 
-1 -1 x=y=0 &) 
To x*y?+x%+y2+x2y+xy?-—xy =0 
>x=y=-xy 
x=y=-1 
poe sued 2>E£ €{-2,1} 
> = SS — = —-2> — 
x y -1 -1 ‘ 
Problem 72 


Show that if a,b,c = 1, then: 
(abe + 2)(a+b+c) => 3(ab+be+ ca). 


Solution 1 
(a-—1)(b-1)>O0>abz>a+b-1 (1) 
3(ab + bce +ca) <(a+b+c)? 
(abe+ 2)(atb+c)>(at+b+t+c)?|:(a+bt+c)>0 
abe+22>a+b+c 
abc+2-—a-—b-c2=0 
abe —-(a+b—-1)—-c+120 
from (1) > abc —- (a+b—1)—c+12>abc—ab-—c+1= 
= ab(c —1)-—(c—1) = (ab—-1)(c—1) 20 


>0 >0 @) 
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Solution 2 
ab? +2>a+2b|-c © (b—1)[a(b+ 1) —2] =0 
ab?c + 2c >ac+2bc 
Analogically, abc? + 2a = ab + 2ac ,a*bc + 2b = bc + 2ab 
® 
a*bc + ab*c + abc* + 2a + 2b 4+ 2c > 3ab+ 3ac + 3bc 
(abc + 2)(a+b+c) = 3(ab+bc+ca) q.e.d. 


Problem 73 
Let x y > 0. Show that: 


x2 2 
te = J 2(x2 +y?), 


Solution 
We must prove that (x? + y?)? > 2x*y?(x? + y?) 
x3 + y3 > 2,/x3y3, equality for x= y 
= It remains to show that x? + y? > Jxy(x? +y*)o 
© x3 — x? /xy + y3 — y?, ./xy = 0,which can be noted as: 
x?/x(vx — Jy) —y? Jy(vx — Jy) 2 0, ie: 
(vx - Jy) [(vx)° - (/y)"] = 0 
We obtain: (Vx — fy) [(vx)" + (vx) Vy + (V2) (J) + 
+ vx(Jy) + (Vy)"] >0 (A) with equality for x = y 


Problem 74 
Prove that for a, b,c > 0: 
(a? +b? +c2)(= + : + z)2(@tb+e)(—+5 42) 
az b% ¢c2} — a b cl 


Solution 1 


By unfolding the brackets, we get: 
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a* b* aq? ¢ aaa 5 Os ce : 
b2 az c% az c2 pb*~b a ay 
We indi isin sare ae |-2f >0 
e indicate tha ye me 5 F (2) or x, V 
2 x 2 x 
ar+17|(Z) ()+@|=E+4 >2(=+2) 6 
y x yx y x 
x y 
a ewig pee 
y x 
Using (2) we get (1). 
Solution 2 
3(a* ++ b* +c?) >(at+b+c) 
stpeta)= Gr5td) 
b2 = b 
ra 1 1 
9(a? +b? +0%)(54 art =)2(a+b+0(- at =): 
1 1 
(atb+o)(- +—+ z 
bc 
Generalization: 
2 2 2 nt fos 
1 xn 
A! ~) 
x2 
Problem 75 


Leta,b,c € Raji.a? +b? +c? =3. 
Prove that: |a| + |b| + |c| — abc < 4. 


Solution 
a*+b*+c? 3 
—— > Va*b2c2 => |abc| <1 
—abc <1 (1) 


(ja| + |b] + |cl)? < 3(a2 +b? +c7)=95 
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> lal + |b] + |c] <3 (2) 
Resulting from (1) and (2) q.e.d. 
With equality for |a| + |b] + |c| = 1,abc = —-1 


Problem 76 
Find the smallest value of the expression 
xy + +yz + 2x ifx? +y* +27 = 3(x+ytz). 
Solution 


By noting x+y + Z = t we obtain: 
t?—(x7+y%+4+27) t?-3t 


xy+yz+2x = 7 7 = 
3\° 9 
t-= _— 
a (ear 28 
2 8 


9 3 
The smallest value is — 8 and is reached forx +y+zZ= 7 


Problem 77 


Let X4,X,°**,X2n44 be real numbers (n € N*) such that x, + x2 + 
see Xon4+1 => X1X2 aS X2n41- Show that: 
an 4 2n 2n 
Xp + xXQ Ho + X2n41 = X1X2 0 X2n41- 


Solution 


Assuming that |x,| > 1,|x2| > 1,°::,|x2n41| > 1 then, hence 
x2" = |x, |?" > |x,| > x, and, by analogy, 
Ne SX NET > Kon ga we Obtain: 
x2 4 2M tet BM Sy + xQ t+ Xong1 = 
> X4X2 +++ X2n41 where 
xP +R” + Xn ZS XyXQ 0 Xonar 
Now supposing that at least one of the numbers |x; |, 
Ix2|,-++, 1X2n41| let’s say |%2741| has the property|%2n44| < 1, 


then x2” + x3" $+ 4+ x3 4 x20 DS 
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> x2 4 2M 4 et 2M > Qn] (4X 0+ Xyq A" = 

= 2n|X1X2°-X2n| = |X1X2 °° Xan S |[X1X2 °° X2nXen41l 2 
> X4X2 +++ Xon41, Le. 

XE + xh” bo + Koad B M1 X2-** Kons 


Problem 78 


Let x,y,z € Rsuch thatx +y+z=0. 
Show that: x*y* + y*z? + 27x? + 3 > 6xyz. 


Solution 


We must prove that 
xy? + y2z2 4+ 77x24 3 -b6xyzt (xtytz)? — 
—(x + y +x) = 0, which is noted as follows: 
(x*y2 +27 +14 2xy — 2z— 2xyz) + 
+(y2z2 +.x72 414 2yz— 2x — 2xyz) + 
+(x2z7 + y2 414 2xz— 2y — 2xyz) = 0, ie. 
(xy —z+1)* +(yz—x4+1)* +(yz—x+4+1)? 20 


Problem 79 


Prove that ifx + y+ zZ = 3, then: 
i y i 


5 + > +H 2 £1 
2Xx+yzZ 22y+zx 2z4+xy 


Solution 


Substracting : from each member, the equation converts into: 
S= ee aie + Suc + eae 21 
2x+yz 2yt+xz 2z+xy 

This is shown using the Titu Andreescu Inequality: 

(xy + yz + zx)? 

~~ 6xyz + x2y2 + y2z2 + 22x? 
We must note that mg = 1, equivalent to 
6xyz < 2xyz(x+y4+z). 
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We obtain x + y + Z = 3, which is true. 


Problem 80 


Let x,y €R_ such that x —y =1. Find the smallest value of the 
expression E(x, y) = x? — y3 —xy, and the values of x and y for 
which this minimum is reached. 


Solution 
E(x,y) =(x-y)@? +xy + y”) —xy = 


= xy toe aay Hae? ty? =e 1)? +y7 = 
2 


= 2y* +2 +1=2/ +5) neers 

1 1 a 

The smallest reached value 5 isy=- 5 and x = 7 
Problem 81 


Let a,b,c € R such that 
(a — b)(b —c)(c — a)| = 3. 
Find the smallest value of the expression: |a| + |b| + |cl. 


Solution 
Assuming without restricting from generality, 
a>b=c, we have: 
a-b+b—cy* (a—c)? 
AS GenEHobad <(———) (@@-c)= > 
from where a — c > V12. Sincela| + |b] + |c| > |a—c| + |b] 
> V12 +0 = V12. 
For the minimum of the expression|a| + |b] + |c| to be V12 must be 
reached a —c = V12. 
Obviously, b = 0 sila —c| = V12 > 


3 
=> |a| + |-c| + ]a—c| = 3 > andac = —— hence 


V12 
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2. 
=) AQ 2° 
Therefore, the required minimum, V12 , is reached for 
V12 V12 
a=—,b=0,c = -——. 
2 2 
Problem 82 


n 
2 2 
x= > . OY 2k +1), where p € N*. 
k=p 


Calculate [x] (the integer part of the real number x)and show 
that {x} < ao where{x } is the fractional part of the real number x. 


Solution 


From the Inequality of Bernoulli: 
2k+ 1 \R ere 2k +1 
(+ gitip) se pitty 
k2(k +1)? k#(k + 1)? 
=2k+2=2(k+1)> 
2k+1 k2(k+1)2 
aes ee Sie V2(k+1)>1 


SCE Dany os 
241 . 
- > (gee)? * >> =n—ptl,ie. 
k=p 
n 
29+ a= eee)? 
CORE Ze SEY. 
k=p 


1 1 
She aye 


k(k +1)? = 


x>n-—pt+ilor 


>n-—p+t hence 
1 
SDE Teagan ae Br te Re eR 


2 


1 
[x] = ae ee a 
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Problem 83 

Let x, y,Z > 0 such that: 

x? y? + y2z2 + 22x? + (xyz)? = 4. 

Show that x? + y* + z* > 3. Inwhich situation is there equality? 
Solution 

We have 4 = x7y? + y*z? + 22x? + (xyz)? = 
> 44) (x2y?)(y2z?)(z2x?) (xyz)? = 44 (xyz)? > 
= 45/ (xyz)? < 1 > (xyz)? < 1 where xyz < 1 (1) 
with equality for x2? = y?z* = z*x? = (xyz)? 
Promix?y? S42? = 9°n" Sy Sp So? Sy = y= 7 andthen 
from x*y* = (xyz)? = x* =x? => x° = 1, whence 
x=y=Zz=1. 
We obtained 
x2y? + y2z2 + 22x? = 4 — (xyz)? (from (1)) and then 
Ay 2) Sy be a) Sas ie 
x? + y* +z? > 3 with equality forx =y=z=1 


Problem 84 
Let a,b,c > 0. Show that: 


+b+c+ : Sa [2 
a c ab+bc+ca 2/3 


In which situation is there equality? 


Solution 


Since (a+b +c)? > 3(ab + bc + ca) with equality when a = 
b =c (a) and noting ab + bc + ca = x, we obtaina +b+c = v3x. 
Denote the left member by M and we have: 


3 V¥3x vV3x 3 mean 
MeN a Po Te = 
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cae dae 


The minimum is reached aa =-— ee 3x3 = 36>x7=12> 
i 


=> x = V12 and from (1) => 3a? 


sistel Ratesacl 


312 
Therefore, we identify eqaulity fora = b=c = z 


Problem 85 


Find the smallest value of the expression (x + y)(y + 3) if x and y are 
stricly positive numbers and xy(x + y+ 3) = 27. Determine the 
values of x and y for which that minimum is reached. 


Solution 


E(x, y) =xy+3x+y*24+3y=y(x+yt+3)+3x= 


27 27 
= a + 3x22 ara 3x = 18. The smallest value is 18, 


27 
reached for ae 3x >x =9and9yV9+y4+3)=27>5 


IZ IAS eS 


>y?+12y-3=0>y.2= 5 


12 2N39 


5 = —6+ V39. Convenient to y = V39 — 6. 
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Problem 86 
Let x € R. Show that: 


x24x41/ i 
—————_] =x ? 
3 2 


In which situation is there equality? 


Solution 


Let x? + x = y. The inequality is written as follows: 
2 


+1)° 
(—) > = or dy? + 12y? + 12y +4 27y? > 0 


4y3 —15y?+12y+42>0or(y—2)?(4y +1) = 0. 
Since 4y +1 = 4x2 +4x4+1= (2x41)? 5 
=> (x7 +x —2)7(2x +1)? = 0. 


—1 
Equality is obtained for x = —2,x = > orx = 1. 


Problem 87 
Show that: 
xt — x9 +x4-x+1>0,VxER. 
Solution 
We have 
1 173 it 
12 __ 1.9 4 1=(x6-5 >=) 3(x°-5 
x x7 +X x+ x 4% 5 4 x 3 
+(°-3) +(x-3) eJ>0 
x 5 x 5) 2% ’ 
Problem 88 


Let a,b,c > 0. Show that: 
3 


b+c 
a? +b? +c3 — 3abe = 2(——~a) . 
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Solution 


b+c 3 33 
a? +b? +c9 — 3abc - 2 ( ; -a) = 7h + cb —c)* + 


3 3 
+5a(a — b)? + 5a(a— c)?>0> 


P 4 F b+c 
>a°t+b’+c ~ Babe > 2( 5 -a). 


Problem 89 
Let n € N. Show that: 
1 1 
oe 
{ } 21 8y¥n+3 


where {a} is the fractional part of the real number a. 


Solution 


Let [Vn] = k. Then: 


1 1 
leva -5| = 5: [2k +1-2vnl = 


1 1 1 
ee 
2 2k+1+2Vn 2 4¥n4+1 8Vn+3 


1 4k? + 4k +1—4nl - 
2 2k+1+2Vn 
1 1 


because 
|4k24+4k+1-—4n|>1 
(4k? + 4k +1 is odd and 4n is even) 


and k < Vn. 
Problem 90 
Find the smallest and the largest value of the expression 
—4x? + 3xy 
E , >= a a a 
(iy) =—3 rey 


where x and y cannot be zero simultaneously. 
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Solution 


Assuming that x # 0 and 


—4 43% oy —443¢ 

E(x, y) = ——-> and by noting — = t we get ——_5- =z ER>=> 

y x 1+t 

14% 

> zt? —3t+z+4=0withA= —4z2 —16z+9<0> 
9 7 

>7Z7=|--_-,-I. 

On| BD 


a eee . 1 
The smallest value is — 7 while the largest one is = 


Problem 91 


Let x,y € R such that 1 < x* + y* < 2. Find the smallest and the 
largest value of the expression x” + y* + xy. 


Solution 
Letx =rcost siy =rsint, witht € [0,27). Then 
1 
1<r*<2six?+y*+xy=r? (1 +5sin2t). 
1 1 
Since 5 < 1+ 5 sin 2¢ =. results aS x?ty*+xy <3. 


. is the reached value for x = 2 y= 2 and3 is the reached 


value forx = y= 1. 


Problem 92 
Let a,b,c, d be real numbers from the interval 
, +00), 


Show that a*b*c?d? + a? + b* +c* +d? = 4abcd + 1. 
In which case is there equality? 


Solution 


Since a2 + b? +c2 + d2 > 4Va2b2c2d2 = 


150 


150+1 PROBLEMS (and their solutions) 
= 4Vabcd we will find that a*b*c?d? + 4Vabcd > 4abcd + 1. 
Let x = Vabcd > x > (4) = - and we must show that: 
(1) x4 + 4x —4x?-—1>0or: 
x*—1-—4x(x-1) 50; (x -1)(x? +-x74+x4+1-4x) 20 
sau (x — 1)(x? + x? — 3x + 1) > 0 from where 
(x — 1)[x? —x + (x - 1)7] = 0, ie. 
(x — 1)?(x? + 2x — 1) = 0 true, because 
ey ee sae eee eae 
~ 4 2 4 
We identify equality in (1) for x = 1, ie. abcd = 1. 
We will notice equality in the inequality in the statement (because 


we applied the inequality between arithmetic and geometric mean) for 
a =p Sc =e andabed = 1 ie a Hb Sc Hd =H 1; 


Problem 93 


The point L lies inside the isosceles triangle ABC so that AB = 
BC = CL and LAC = 30°. 
Find the measure of the angle ALB. 


Solution 


Let BD be the height of the triangle, D € AC and 

BDO AL = {N}. We have: 
LNC = LNB = BNC = 120° 
Then: 

ALNC = ABNL > NL = BN. 
Thus, ABNL is isosceles and 


NLB = 30°. Hence: 


‘e D A 


B 
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Problem 94 
Consider AABC with BC = a, AC = band AB = c. Let P and Q be the 
projections of vertex C onto the interior bisectors of angles A and 
B, respectively. Determine, as a function of a,b,c, the length of the 
segment PQ. 


Solution 


Let CP N AB = {P,} and CQ N AB = {Q;}. 

Since AP is both height and bisector in 

AAP,C = AP, = AC = b and P is the middle of CP. 
Analogously, Q is the middle of CQ,. 

Then QP is midline in AP,Q,C and PQ = =P, Qy. 

We have 

PQ, = AP, +BQ,-AB=a+t+btc, 

hence PQ = 1/2(a+b+c). 


Problem 95 


The midline MN of the trapezoid ABCD (AB || CD) intersects the diagonal 
AC at K and the diagonal BD at L. Knowing that the quadrilateral KLCD 
is a square of side 4 cm, find the area of the trapezoid. 


Solution 
Evidently, CD = 4cm and since B 
AB —CD 
KL= > = 4cm => AB = 12cm. 


The height of the traoezoid is 2DK = 


8cm and hence, the area of the trapezoid e 
is: ITS 


(44+12)8 _ 


64 2 Cc 
2 cm 
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Problem 96 


Find the area of a triangle ABC if AB = 3, BC =7 and the median 
BD=4. 


Solution 


From the median theoreme 
2(AB2 + BC?) — AC? 

i. 4 

From Heron’s formula 


BD? => AC? =52 


1 
S? =p —a)(p-b)(p—c) = Gatb+o-atbhto): 


1 
‘(a—b+c)(atb—c)= 76 (20° b* + 2b2c* + 2c2a? — 
—a* — b* — c*). Since a* = BC? = 7*, b? = AC? = 5%, 
AB? = c? = 9, by replacing, we find that: 
1 
$3 = 7g 24952 42°52-°94+2°9-49 — 2401 — 2704 - 81) = 


1 
=>sza ae 1728 = 108 hence S = 6v3. 


Problem 97 


The bisectors AM and BN, with M € BC,N € AC, intersect at point I. 
Knowing that MINC inscribabe, find: 
a) ABC; 
b)theangles AMIN. 
Solution 
Because MINC is inscribable > MIN + ACB = 180° 
os A+B . A+B 
but MIN = 180° — = => C+ 180° -— 07 = 180° 
26 =A+B=sinceeA+B+€ = 180° > € = 60° 
b) MIN = 180° — € = 120° 


NID 


and IMN = ICN = — = 30° and INM = 180° — 120° — 30° = 30° 
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Problem 98 


Let ABC be a triangle. The heights AA,, (A, €€ BC), BB,, (B, € AC) 
intersect at H and AHB = 150°. 

a) Find ACB. 

b) If M is the middle of CH, determine the measure A,MB,. 

c) Prove that CH = 2A,B,. 


Solution 


a) The quadrulateral CB, HA, is inscriberd and then ACB = 30°. 

b) AMA,C and AMB,C are isosceles (B;M and A, M are medians 
in right triangles). The angle A; MB, will be 60°. 

c) Being isosceles with an angle of 60°, 4A, MB, is equilateral, and 
hence, the conclusion. 


Problem 99 


Show that in any triangle: 
1 1 1 1 at 1 
eo hae ano 
me Mm, Me Talh htc Tela 


where Mg, Mp, MN, are the lengths of the medians, and Tq,Tp, 7. the radii 
of the circles inscribed of the triangle. 


Solution 
We have 
2(b*+c7)-a*_ (b+c)* -a? 
a — 


and the peony Then: 


ee 2) _  X@e-be-c)  _ 
me a ~ p(p—a)(p — b)(p —c) 


_X@—b)—¢) is e-”) b) Gn 0_ ded 
T 

one ”s 9 
since it is ee 7D fe 


150+1 PROBLEMS (and their solutions) 


Problem 100 


Let H be the orthocenter of the triangle ABC. If CH = AB siBH = AC, 
find the angles AABC. 


Solution 
A Let AH N BC = {D} and 
‘ E BH NAC = {E}and 
CH NAB = {F}. 


=> BAD = FCD > ACHD = AABD 
> CD = AD > &ACD = 45° 

3 D C (AADC rectangular isosceles) 
Analog: ABC = 45° A=H 


= m(BAC) = 90° as 


= AABC rectangular in A and isosceles. B Cc 


Problem 101 


Consider the square ABCD and the equilateral triangle BFE with AB = 
a, BE = b such that points A,B,E are collinear in this order and point 
F lies in the same half-plane which is determined by line AB and point C. 
Determine in terms of a and b the area AHGB, where DEN BC = 
{H}, DE N BF = {G}. 
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Solution 


ABCD square > DC || AB => DC || BE (A,B, E collinear) 


D 
. F 
A B 
From'T. FA-ADCH ~ AEHB = 2 222 =4 
HB BE b 
CH+HB a+b a a+b aa ab 
i h(a he 


Let GI 1 HB with! € (BH). Then in the right AGIB 
m(IBG) = 180° — m(ABC) — m(FBE) = 


BG 
= 180° — 90° — 60° = 30° > GI Po: 


IfGl =x > BG = 2x = BI? = 4x2 — x? = 3x2, Bl = xV3 
HBE = 180° — ABC = 90° => EB | CB,GI L BC 3 IG || BE. 


From TFA> AHIG ~ AHBE = 2 = 45 
BE HB 
ab 
har 28 
b ab 
a+b 
From the calculations we obtain abx = ab? — V3b(a — b)x > 
ab 
x = ——__ > 
a+(a+b)v3 
HB -GI (ab)? 
= Ajuce = = 


2 ~ 2(a + b)[a + (a + b)v3] 
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Problem 102 


In the right triangle ABC the projection of A onto the hypotenuse 
BC is point D. E is the middle of AD and AC NN BE = {F}. If 
BD = aandCD = b, calculate the length of the segment BF. 


Solution 

B From the height theorem 
AD? = a: b, where 
AD = vVab 


>ED= vab and then 


BE = pies 
4 


Problem 103 


Let M be the middle of BC, P and Q on AB such as AP = PQ = 
QB in AABC. If PMQ = 90°, prove that: 

re AB 

erg 


ray 


Solution 


Let N be the middle of PQ. Consequently, MN is middle line in 


AC 
ABAC > MN = a 


But MN is also a median in the right triangle 
PQ AB AC AB 
=> MN =—=—>— = 


= therefore AC = 
=> — ee 
2 6 a 6’ r ‘ 3 
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Problem 104 


In the acute triangle ABC, the height AA’ is the largest of the 3 of 
the triangle and is equal to the median BM. 
Show that m(ABC) < 60°. 


Solution 


Through D we take a parallel DG to BF(G € AC). If EF = x, since EF 
is the middle line in AADG > DG = 2x. 
Now, from the sual of triangles ADGC and ABFC 


BF BC zVaa +b) +x )+x _atb 
b 


> as a or Te and hence 
= bJa(4a + b) _ _ (a+b)Ja(4a + b) 
= ope hy ee ae 


We take ML 1 AB, L € (AB) and MK 1 (BC),K € (BC) 
1 
=> MK = 74a and since BM = AA' > 
1 
= MK = >BM > m(MBK) = 30° 
LM= : CC’ 
a2 

Since height AA’ is the largest > 
> ML <>BM > m(ABM) < 
30° and m(ABC) < 60°. 


Problem 105 


Let ABCD be a trapezoid with bases 
AB = 2b, CD = 2a(b > a) andM the 
middle of segment AB, and N, the A 

middle of segment CD. If MN = b — a, show that ADB cannot be a 
right angle. 


M C 
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Solution 


It is known that in the trapezoid M,N and P, the intersection of the 
non-paired sides AD and BC, are collinear. Given that APDN ~ 


APAM, noting 
DN PN 

PN = x we have am pM & 
a x 
b x+b—a 
ax +ab—a? =bx > 
=> x(b-—a) =a(b-a) 
then x = a. 
Since PN = a, in triangle DPC the median PN is half of DC, then 
ADPC is rectangular in P. 


If angle ADB were also rectangular, then from B we would descend two 


1.€. 


perpendiculars on AD, which is absurd. 


Problem 106 


Let AABC be angular and 
AD, BE and CF its heights, and 
H, the orthocenter. Show that: 


D 
AD- AH + BE:BH+CF-:CH 
+b+c)? 
= 


where a=BC,b=AC si c= 
AB.In which case is there equality? A 


Solution 


25. abc 
AD =—,S =— 
a 4R 


Since AH = 2RcosA,BE = 2RcosB andCF = 2RcosC, 
: 2S 2abc 
we obtain:AD AH = —:2RcosA = ——:2RcosA = 
a 4aR 
b? +c* —a? 
2 


= becosA = 


159 


™ Carina Maria Viespescu ™ Lucian Tutescu ™ Florentin Smarandache ® 


i; 1 
> >, AD -AH = 5) 0? er =a )= 5 a? +b? +c?) 
Given the inequality of Cauchy-Buniakovski 


ye 


(ya)? 
3 


2 


, we immediately find out the inequality in the statement with 


equality fora = b = c, i.e. AABC is equilateral. 


Problem 107 


Solve in R the equation: 


+2021 


sin x4 Cos?" 


2022 


x + sin x =2. 


Solution 


We have: 
sin?°?1 x + cos 
Cum sin?°2! x + cos 
>2-sin??x<1> 


=> sin??? x > 1 => sin??? x = 1 and, from here: 


2021 y < sin? x +cos?x=1 


2021 xy=2-— sin2922 x> 


sin297* x + cos797ty = 1 
From sin2°?4 x =1> 
a) sinx = —1 > —1+ cos?! x = 1 => cos?°*! x = 2 false or 


b) sinx = 151+ cos?!x = 1 > cos?!x=05 
> cosx =0 
From sinx = 1 and cos x = 0 we find the results of the equation: 


xe {E+ 2kn|k € z}. 


Problem 108 


Show that if3 sinB = 2 sin(2a + B) andcosa # 0, cos(a + B) #0, 
then 5tga = tg(a +B). 
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Solution 


We have: 
sinB = 2[sin(2a + B) — sinB] = 4sina cos(a + B) si 
3sinB = 2sin(a+f +a) =2sin(a+ B)cosa t+ 
+2 cos(a + f) sina. From the two relations it follows: 
3sinB = 12sinacos(a+ fB) = 
= 2sin(a + B) cosa + 2 cos(a@ + B) sina and, hence, 
10 sina cos(a + B) = 2sin(a + B) cosa. 
Dividing this last relation by 2 cos(a + f) cos a, we find 
5tga =tg(a+t B). 


Problem 109 


Let a,b,c € (0, *) such that cosa=tgb, cosb=tgc and 


cosc = tga. Prove that: 


¥5—-1 
sina = sinb = sinc = 7 
Solution 
We have: 
‘ ey sin? b ay ‘ cos*c ; 
cos?a = = =—_ -J= = 
a='s cos?b  cos*b sin’ c 
_ 1 _ 1 _ 1-cos’a ae 
aw ey ae ~ cos?a | Si = gate eT 
cos? c sin? a 
de aici cos* a+ cos?a—1 = 0, ie. 
go. EN . ood 
cos‘a= =a Convenient to cos* a = 5 and 
gaa5 JS a1 \ 
sin? a =1-—cos?a= aa 7 hence 


sin? a = 


. Analogously for sinb, sinc. 
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Problem 1102 


In the rectangle ABCD we find GH || BC, point G € (AB), the 
point H € (AD) and EF || DC, point E € (AD) and point F € (BC). 

Let GH N EF = {M} and H NCE = {K}. Prove that point K is 
on the circle containing the feet of heights A DGF. 


Solution 
A E D 
Y 
K 
G ee aaa H 
Z 
x 
B FE Bs 


Let X, Y, Z- be the means of the AGDF sides. 

We want to show that point K belongs to the 9-point circle of 
AGDF. 

We prove that B, X, M are collinear 


. GM || BF = 
Since GB || MF = GMFB- rectangle > BM NGF = {X} so 
X - middle. 
Analogous for rectangles FEDC,ADHG so 


B,X,M; C,Z,E;A,Y,H are collinear. 
We prove that AH N CE N BM = {K}. 
Since AH NCE = {K}. 
We consider the transversal A — K — H for ACDE. 


? Suggestion for the 7th grade by Prof. Grigorie Dan Lucian - Craiova. 
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AE HD KC AE 
We apply the Menelaus theorem > — -— -— = 1; but — = 
AD HC KE AD 
AE. AD _ ME _. BF KC ME : pages 
=; = =— 3: >:'— = 12> according to Manelaus' reciprocal 
BC’ HC MF ~ BC KE MF 


in A FCE => B,K,M collinear, so BM passes through K. 

We prove that the KXYZ - inscribed quadric. 

In A BKC: BKC = 180° — (&KBC + &XKCB). 

In_ rectanglesGBFMand EFCD > «MBF = <£KBC = 
“<GFB and xECF = xDCF > XKBC + &KCB = &GFB + 
xDCF = 180° — <GED = 180° — 2xYZ 

=> IXKZ = <XYZso KXYZ- inscriptible and the points 
belong to Euler's circle for A GDF. 

Therefore, K is on the circle containing the legs of the heights 
of A GDF. 


Problem 1113 


Let X4,X2, «Xp, € {-1;1};n = 2; such that n € IN 
2023 2023 2023 2023 
x4 x2 Xn-1 Xn 


+ fees + ——— + 
x2 x3 Xn x4 


=0 


a) For n = 2024 give examples of such numbers. 
b) Show that n is a natural number divisible by 4. 


Solution 


a) Note that for x, = 13%, =%3 =X, =—1jx5 =1)x%, = 
X7 =Xg = —1...X2021 = 1) X2022 = X2023 = X2024 = —1. 

502 groups of 4 numbers whose sum is 0 are formed. Hence 
the conclusion. 

b) Since each fraction has the value —1 or 1 it immediately 
follows that n is even, 

ie.n = 2k,k € IN 


3 Suggestion for the 8th grade by Prof. Grigorie Dan Lucian, Craiova. 
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42023 X22023 ; ; Meg lee ; X92 023 


x2 x3 _ Xn x4 


and on the other hand having k fractions equal to —1 and k fractions 


Since = (Gj <nX_, oo = 1 


equal to 1 from the previous product > (—1)* -1* = 1, 
where n = 41, 1 - natural number. 


Problem 1124 


Let ABCD be a rectangle with AB = 1, BC = 21 and M point 
inside it such that MAB = MBA = 15°. Determine the measures of the 
angles of the triangle MCD. 


Solution 


Let E and F be the means of the sides BC and AD of the 
rectangle. Since ABEF is square, we prove that A MEF is equilateral 
(known property). 

Consider a point N inside A BME such that ABME =A 
MNE. Then A BMN is equilateral (having NBM = 60° and BM = 
BN). 


4 Suggestion for the 6th grade by Prof. Grigorie Dan Lucian and Prof. Lucian 
Tutescu. 
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It is further shown that A BNE =A MNE (L.U.L.), angle ENM = 
360° — 60°— 150° = 150° > ME=BE  and_ similarly, MF =AF, 
considering A EMC which is isosceles. As BEM = 90° — 60° = 30° > 
MEC = 150° > ECM = EMC = 15°. Analogously, FMD = 15° > CMD = 
60° — 15° — 15° = 30°. 

Since A MCD is isosceles > MCD = MDC = 


180°-30° _ 
>= 


75°. 


Problem 1135 


° x ° . 
Determine the real numbers x, such that y2o3nag (8 an integer. 


Solution 


x 


Let =—— =k €Z > kx? — (3k +1)x + 5k =0 

x*-3x4+5 

Fork =0>x=0.1f #0, A= (3k + 1)? — 20k? = -11k? + 6k +12 

0 > 11k? -6k-1<0 

Since 11k? — 6k — 1 = O has the roots 

6+vV36+44 3+v20 3—v20 34+ 20 

Fe 2k € |—— , —_I NZ 
22 11 11 11 

Hence k = 0, which does not dit (considering k # 0). 


So, the only real number that corresponds is x = 0. 


Ky 2 PZ 


Problem 114 


a) Let a,b € IR* such that 
(ab)14° + 4(ab)7° = 2(a21° + b21) 
Show that at least one of the numbers is irrational. 
b) Let a, b € IR* such that 
(ab)1882 + 4(ab)°*! = 2(a2823 + )2883) 
Show that at least one of the numbers is irrational. 


5 Suggestion for the 8th grade by Viespescu Carina and Militaru-Cismaru 
Gabriela, students - Craiova. 
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Solution 


a) The relation is noted as follows: (a1*° — 2b7°)(b1*° — 2a7°) = 0, 
2, 70 2,70 2 2 

hence (=) =2 or (-) = 0, i. < € Qor — € Q, whence the 

conclusion. 

b) The relation is noted as follows: (a1882 — 2b941)(p1882 — 


2a**1) = 0 and proceed as in a). 


Problem 115° 


Let x, y,Z > 0, such that (x + y)(y + z)(zZ + x) = 1. Show 
that ; yy Ste teyty" (x+y) /x?2+xyt+y? 


, as 
<ayeley >V3. In which case do we have equality: 


Solution 


From x?+xy+y?>= = (x + y)* => Jx*+xy+ y? > Gey 


f= 
(xty)fx2+xyty2 _ _ Vxttxy+y? Vx2+xy+y? — 2/x2+xy+y? cs 


x+y+2xy wo ety +2 


x+y 
(x+y)v3 
2(x+y+2) 


, according to (1) 


(x+y)v3 (x+y) 
2(x+y+2) 2 2 V3 or TL oGayta = — 
Letxt+y=a,y+z=b,z+x =c. Evidently, abc = 1 and we 


ee “+45 toy > 1,i-e. —+ 


—~ + —~ < 1. By doing the calculations: 
b+2 c+2 


122 +4, at+yab <9+4¥a+2y.a, ie. ¥ ab = 3, which results from 


> ab > 3Vabbcca = 3 
The equality is valid for a=b=c => x=y=z => 8x3 =1 => x=s, 


It remains to show that }} ————— 


® Proposed by Prof. Marian Cucuoanes, Marasesti, and Prof. Lucian Tutescu, 
Craiova. 
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Problem 116 


n+1_y—(n+1) x_n 
—S > — 


Let nEN* and x>1, x ER. Show that ai 


nt+1 n 
Solution 
We have: 
2424 27 
+ : 
(tpxrtt spon ee n(x?"*? - 1) > (m+1) x (x?" -1) |: X-1>0 => 


m(x?*? 4x79 + +x? +K +1) > (41) (77 + X°T1 +O +x? +X) <=> n 
xemtt tnx?” +... nx? +nx +n > nx?” +nx?"1 +... +x? +x + X77 4X20 
aned tn > XP 4X7 EL +X? +X 
We show that x2"? +.1> x24 xk k=a00n 


xem a > Xe 4Xx 


+... +X? +K <=>nx 


xent +1 > xen +x? 
xn ta > xt +x" and by addition, 


x21 44> x2n-k 4xkr1 : k= 0, n 
ant _ x2n-k +14 xt >o 
x20K (x11) - 1-1) > 0 <=> (x7 * - 1) (x1 -1) > 0, for x > 1. 


Problem 1177 

Let n = 3 $iZ1, Z2,..., Zn €C such that |S| = |S-z,| + | S- Z. 
|+ | S-z,|+..4|S-2Zn|,whereS =2,+Z.+...4+Zn. 

Show that Z;= Z2 =... = Zn =O. 
Solution 
We have (n-1) (|S-z,| +| S-z. |+ |S-z,|+..+4+|S-2 |) =| (@- 
1)S| =|S-2z,+S-2.+S-2,+ +..+S-2| s |S-z| + |S-z.|+ | 
S-z,|+..+|S-2Zn| 


7 Problem for the 10th grade proposed by Prof. Butaru Zizi-Iuliana and Prof. 
Betiu Anicuta, Craiova. 
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=> (n-2) (|S-z| +| S-z.|+ |S-z,|+...+|]S-2 |) < oand 
hence, |S-z,| + | S-z.|+|S-z,|+..+ |S-2z,| =o, adica 


|S-z,| =| S-z.|=|S-z,|=..=|S-zn|=0, where S- Zz, 


=S$-2Z,=S-2Z, =... =S - Zn =O, whence Z, = Z2 =... = Zn = O 


Problem 118 


Determine the smallest number n € N* for which the real numbers 
X1X2,...,Xn exist, such that |x;| +|xX2| +... [Xn] = 2017 + |Xi+Xo+...4Xn| . 


Solution 


Since n>|x,| +|xX2| +... [Xal = 2017 + |X,+X2+...+Xn| = 2017=> n= 2018. 


Let n = 2018 be the number we are looking for. 
In fact, for X:=Xo= ... =X1oog = “~~ and x x x a 
a) 1TA2Q— ¢e¢ ~41009 — 2018 1010 — 1011 ~ ++ 2018 — 2018 ’ 


we obtain the requirements of the problem. 


Problem 119 


Let x,y,Z >0,sothatxy + yZ+2zx = 7. 
Show that 6(x? +y?) +272 21. 


Solution 


Since 9x? +z?= 6xz (1) 
Oy* +2°= 6yz (2) 
3(x* +y*)= 6xy ~—_ (3), 
by addition=> 12 (x? +y*) +2272 6 (xy+yz+zx) =6- 7, 
Le. 6(x* +y?) +272 21. 
Equality is identified when we have equality in (2) ,(2) si (3), ie. 3x=z, 
3y = zandix=y => x=y=1 and z=3. 
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Problem 1208 


Let A= 47°°8,, show that: 
a) A cannot be written as the sum of two whole number cubes 
b) A cannot be written as the sum of three whole number cubes. 


Solution 

A= (5:9 + 2)7°8 = My + 270% = My + 27°. 4 = My + 8°? - 4 = My + (9 
- 1)°?-4 = My + (My + +1): 4 = My 

Since the remainders of an integer when dividing by 9 can be 0 , 1 or 
8 we immediately obtain a) and b). 


Problem 1219 


Let a, b,c be the lengths of the sides of a triangle ABC which checks: 
a? +b? +c? —ab(at+b)+bc(b+c)—ac(at+c) =0 
Show that the triangle ABC is right-angled in A. 
Solution 
The relation from the statement is written as follows: 
(a2 — b? -—c*)(a—b-—c)=0 


Sincea > b+c> a? = b* +c”, hence the conclusion. 


Problem 122° 


Let a,b,c € N* suchas 
(a+ b)?** = (b+ c)*t* = (c+ a)*?. 
Show thata = b=c. 


8 Problem for the 6th grade proposed by Prof. Cremeneanu Luiza Lorena and 
Prof. Prunaru Constantina - Craiova. 

° Problem for 7th grade proposed by Prof. Zaharia Gigi - Craiova. 

© Problem suggestion for the 5th grade proposed by Prof. Meda Iacob Elena 
and Prof. Gilena Dobrica - Bechet. 
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Solution 
Letat+tb=x,b+c=y,c+a=Z,sincex” = y* = z* we 
prove that ex = y=Z. 


Assuming that x < y and from x” = y* > y > z. Since 


y* = 2z* >z <x and whence x” = z* > x > y is false! 
Analogously, presumming x > y, we obtain x < y (false!) 
Therefore x = y and whence 

x” = y* = z*,inwhichx = z,sox=y =z. 
Returning to the problem statement, we finda +b=b+c= 
c+aandhence,a=b=c. 


Problem 123" 


Solve in R the equation: 


Ve#8 + V¥=5 = VIO ( z¥5—Ve=5) +5. 


Solution 
From (vx +5+ vx —5)(vx +5 - vx —5) = 10, noting t = 
vx+54+vVx-—5> 0, we obtain t = 10 - “e + V5, wherefrom 
t? -V5t-10=0 
1,2 = BAS cut, = V5 < 0 and t, =2V5>0 
Then. fe do 
‘| Ver5-ve-5=1% 


Vx+5 = 20+5>Vx45 = 
41 
4 


_ 1681-80 _ 1601 


412 
and whence x =— —5 ; 
16 16 16 


" Problem proposed by Prof. Cremeneanu Luiza and Prof. Nedelcu Irina - 
Craiova. 
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Problem 1247 
For which real numbers x, are the numbers x + ¥2021 and 
<— 2021 integers? 


Solution 


Let x + ¥2021 = m and =~ ¥2021 =n,wherem,n €Z>x= 
1 


m — ¥2021 and ear 2021=n 
© 1-—mv2021 + 2021 = nm — nv2021 © 2022 —nm 
= (m—n)v2021 


Since vV 2021 is not a rational number > m = n andnm = 2022 
4 ee 
(2)m = n = —V2022 
If we have: m = n = ¥2022 > x = V¥2022 —V2021 
If we have: m =n = —V¥2022 > x + V¥2021 = —V2022 > x= 


—V2022 — 2021 
Therefore, x € {¥2022 — ¥2021, —V2022 — ¥2021 }, in 


conclusion: 


x = +V2022 — ¥2021 


Problem 125% 


Let a € (0,1) and (xn) n>o be a set with x) = b > Oandx, = a? + 


at+./xXyn-1 —2a la+ [x_n > 1. 


Show that (Xn)n>o is convergent and calculate lim Xp. 
n-0o 


* Problem for the 8th grade by Prof. Vasile Roxana and Prof. Tacu Dana - 
Craiova. 

3 Problem for the 11th grade by Prof. Cremeneanu Lorena-Luiza and Prof. 
Prunaru Constantina - Craiova. 
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Solution 


z 
We have x, = ( an Ge ee a) > 0 where:x, = 0, (V)n € N*. 


Since la + ./Xyn-1 = a, then 


a+ ./Xn—-1 = a? which is true because a > a?, (a € (0,1)) we 


obtain ./x, = Jat /Xxn_1—-a 
Le.at fxn = [A+./Xp_1. 
Let Yp= la + ./x, with yy) = Va+b. Then y?2 = yp_4, with yp = 


ye (induction). Hence lim y, = 1 and from x, = y? — a, it 
n-0o 


follows (%,)nzo is convergent and lim x, =1-a. 
n- oo 


Problem 1264 


Let ABCD be a square, on the outside of the square construct the 
equilateral triangle ABE and the equilateral triangle EDF such that point 
B is inside it. Determine m(BFE). 

Solution 


We denote the side of the square by a. 


jhe DAH De lew 
Thus we have Fee | ED =FD |= >AADE =ACDF > FC =a 
EDF = FDC 


> m(FCB) = 60° > AFCB —equilateral> FB = BE =a 


= AFBE — isosceles, 
We have m(FBE) = 150°, therefore m(BFE) = 15°. 


4 Problem for the 7th grade by Prof. Tutescu Lucian and Prof. Grigorie Dan - 
Craiova. 
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Ee 


>?¢ 
o 6 — 


Problem 127'5 


a) Give examples of two strictly positive rational numbers x 
and y so that x + - and y + : to be natural. 
b) Give examples of 3 strictly positive rational numbers 
x, y,Z so that the numbers 
x+ = yr — and z + s to be natural. 
c) Give examples of 3 distinct rational numbers x, y, Z, So 


that the numbers xy + SZ + : 


1 
and xXZ+ rs to be natural. 


Solutions 

1 

2 

b) x=1y=2,z= 


a) x=2,y= 


NIPNIR 


c) x=1y=2,z= 


*5 Problem proposed by Prof. Chirita Simona - Craiova. 
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Problem 128% 


Let ABC be a triangle with AB = AC = a,BC = b andm(ABC) = 
40°. If (BD is the bisector of angle B, and D € (AC), prove that: 


a*b 
BD = Roa 
Solution 


We build ABCE equilateral (outside AABC). Since m(A) a 
100°, m(B) = 20°. 

From ADB = BEC = BDCE inscribed quadrilateral 
=> m(DEC)=20°. 


KABDACED S22 = @ = "2h = O'R 
DE DC CE 


© Problem for the 7th grade. 
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Therefore, - = 2 but DE = BD + DC (Von Schoten Relation) 


BD a _.BD_a 


Pa ER Re ae 
AD+DC b DC b-a 
By applying the bisector th nase SoS 2 
Vy app. ying e bisector eorem 1n ap — ve = : 


DC b DC b ab 
——— =) SS = — 5 1C = — (2) 
AD+DC a+b a a+b a+b 


From (1) and (2) > BD = 


b2-q2 


Problem 129’” 


Let a, b be positive numbers such that a: b = 1. Show that: 
ab(a+ b) —10ab + 8(a+b) =8. 
In which case do we have equality? 


Solution 


The inequality is written as follows: ab(a + b)(ab + 8) = 10ab + 
8. Since a + b > 2Vab we demonstrate that: 

2Vab(ab + 8) > 10ab + 8 or by noting Vab = t > 1 results: 
t(t? +8) >5t?7 +463? —5t?4+8t-4>0e(t—-1)(t? - 
4t +4) = 0 or: 

(t —1)(t—2)* >0. 

Equality is identified in t = 1 or t = 2 i.e. Vab = 1 or Vab = 2 dar 
sia + b = 2Vab ie.: 

a=b=1ora=b=2. 


Problem 130% 


Determine the integers n for which there is a, b,c € Z, so that n? = 
at+b+candn? =a’? +b? +4+c?. 


” Problem for the 8th grade by Prof. Ciulcu Claudiu and Prof. Dana Camelia - 
Craiova. 
8 Problem proposed by Prof. Tutescu Lucian - Craiova. 
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Solution 


atb+c)* —(a* +b? +c?)? 
Pa epee sehen ee 


2 
(n2)*=n3 3 4 3 3 4 3 
=++— > 2n >n* —n? or 3n? > n* > n3(3 —n) = 0, whencen € 


{0,1,2,3} 

For n= 0, a= b =c = Ois obtained 
a=b=0,c=1 

For n = 1, fe= c = 0,b = 1 are obtained 
b=c=0,a=1 


2 - ae a=b=2,c=0 
For n = 2, e be aa 8 fs = €= 26 = Ore obtain 
at+b+c=4 he G0 
2 2 Zn 
For n = 3, {¢ nn i : ae with the result:a = b =c = 3. 
a c= 


Problem 131"? 

Ioana the petty trader sells eggs on the market. She manages to sell the 
entire quantity in 4 days, as follows: 
- On the first day, she sells “ of the total amount of eggs and 

ofan eng 

- On the second day, she sells : of the remaining quantity 

after the first day and . of an egg, 

- Onthe third day, she sells “ of the remaining quantity after 

the second day and “ of an egg, 

- Onthe fourth day, she sells : of the remaining quantity after 


the third day and “ of an egg, thus remaining without any 
eggs after the four days. 


How many eggs did the petty seller have in the beginning? 


9 Problem for the 5th grade by Prof. Grigorie Ramona-Carmen and Prof. 
Boborel Maria - Craiova. 
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Solution 
We note with x - the total number of eggs. 
On the first day, she sells: “ “xX+ . remaining: x — ( “xX+ ;) = - = 


1 F 
7 esss (new remainder), 


On the second day, she sells: =(* - =) +3 += remaining: - - “ - 
2(x 1 1 x 4 
| 3 ( = s) + 5|=3 = —— —- eggs (new remainder), 
On the third day, she sells: 3 (= - =) +5 += remaining: - - : - 
2(x 4 1 x 13 
| 3 ( _ *) + ;| = 55 g7 CRBS (new remainder), 
On the fourth day, de walle = =(= a a) +3 += remaining: = eS 
3\27 27 27 
F(=- =) + ;|=- = —— — - eggs (new remainder), but since after 
the an day she had no egg left, the remainder is 0. 
Ly ae 
x 40 x _ 40 s 
Thus: Pree a= aoe 40 eggs. 


The petty trader initially had 40 eggs. 


Problem 1327° 


Show that for any n = 3, there are distinct natural non-zero numbers 
X1,X2,++,Xp, such that the product: 


1 1 1 
P=X4X2.. a (= rw: +—) 
2 n 


to be a perfect square. 
Solution 


We try to make the relation from the parenthesis equal to 1, 
by adding to the sum of the terms of a geometric progression other 
terms. 


?° Problem for the 10th grade by Viespescu Carina Maria, student - Craiova. 
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Either 
eae 1\72 ee 
a) eB) mae (ga) te 
7. y* Le ae 
~ E a) n= € =) 
then 
1 t 1 1 = ( i 1 2 1 )+ 2 % 1 
XG XS n \2. 22 gn-2) © 3-2n-2 © 3.2Qn-2 
1 1 
=1-j2- pa =1 
and the product we are looking for is 
(n- 2in= 1) 
D8 DP ieee 2 TEt Se BSc Bi ON +2n—5:-3? 
n?4n-8 n(n+1) 
=2. 2 -32=2 2 4.32 
n(n+1) 


which is a perfect square for = par,son = 4k orn =4k +3 


Ifn = 4k + 1 orn = 4k + 2, we can choose the numbers 
-1 


1\o 1 1 \~ 
m= (5) ox0= (5) te2= (Ge) te 


(where n > 5) 


and then 
: + : Be ( + : saves d ) : a 
ie 3 a ae Qn-2 5: gn-2' 5. Qn-2 
1 1 
aod Qn- zt pn-2 =1 
and the product to be calculated becomes 
(n-2)(n-1) 
2: 22 ot Qn-2 -5- Qn-2 5. gn-4 = 2 2 tan-6 . 52 
n*+n-10 n(n+1) 
=22 -52=27 2. °-52 


n(n+1) 


For n = 4k + 1, we obtain —5 = (4k + 1)(2k + 1) —5 = even, 


MOD 5 = (2k + (4k +3) - 


even, thus X1,X2,...,Xn is sete square. 


and forn = 4k + 2, we obtain ——— 
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Problem 1334 


Calculate the determinant: 


t. 4 1 | ee 111 

1 22+1 3 Shing 3 3 3 

d= | ee oe: ee. ae 55 5 
1 3 5 443 0. 7 7 7| 
ies Ss Pi -cisve 2n-5 (n-1)?+(n-2) 2n-3 
La: 5 5 ren 2n-5  _2n-3 n?+(n-1) 


where n=2, neN. 
Solution 


We multiply the first column by -1 and add it to the other columns 
and get 


1 000 ..... 00 
1 2 2 2 22 
d= 1 2 32+] eee 44 
12 4 GF Gass (n-1)?+(n-3) — 2n-4 
1, 2 4 GB eshens 2n-4 n2+(n-2) 


* Problem for the 11th grade by Prof. Tutescu Lucian and Prof. Vasile Roxana 
- Craiova. 
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Then we solve the first line and then take out 2 as common factor on 
the first line and another 2 after the first column in the determinant 


obtained. 
We note: 
1 1 | rer 1 1 
1 3441 4 o., 44 
d= D2. swasivcastaduensswusedsetiadeavesdsvvssvnerscrbetsosdoenesiesbastssbcausebcevsebseked 
1 4 6 oe (n-1)?+(n-3) 2n-4 
1 4 Go tikes: 2n-4 n?+(n-2) 


We multiply the first column of the previous determinant by -1 and by 
adding it to the other columns, we take out the common factor on 3”. 
We continue the process and obtain: 
2 

ee ee = 27.3%... -(n-2)(n- 
1)? 1 2 1 =27-37-, 

1 n*+i1 
-(n-2)-(n-1)?-n? =(n)!? 
Therefore, d=(n)!? 


d = 27-3”. ... -(n-2)?- 


Final solution: 


| o tk - a 
Il 2 @ .. OO 

A= | 1 2 . O detiA Ath = nledet A detAt =injl? 
| l | | 
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Problem 13477 


Find the digits a and b so that the number 
a123456789987654321) is divisible by 144. 


Solution 


Since 144 = 16-9, the last four digits 321b must form a number 
divisible by 16, thus it results that b = 6. 
Because 1 + 2 +--+» +9 = 45 and the number is divided by 9, it 


resultsa+b:9ie.a+6:9>a=3. 
Therefore, a = 3,b = 6. 


Problem 13573 
Let x, y,z > 0. Show that: 


x+ +Z Z+Xx 
xy +yzZ+zx > ./xyz oe ee ot 5 


In which case is there equality? 


Solution 


By squaring the initial inequality, we obtain: 
(xy)? + a + ae + 2xyz(x+y+z)= 
= +" EN 


> xyz( 
x+y yore aan x+y |zZ+x 
+2 


2 Problem for the 5th grade by Prof. Preda Oana and Prof. Sanda Iulia - 
Craiova. 

3 Problem 7th/8th grade by Prof. Grigorie Dan Lucian and Prof. Lupu Razvan 
Ilie - Craiova. 


181 


™ Carina Maria Viespescu ™ Lucian Tutescu ™ Florentin Smarandache ® 


= (xy)? + (yz)? + (2x)? + 2xyz(x+y4+z) >xyz(xtytzt+ 


x+y |ytzZ yz |Z+x x+y |Z+x 
pe aah ia ae Te I Ta rae ar 


Since we identify the consequence of inequality: 

(xy)? + (yz)? + (2x)? > xyz(x +y +2) 
which is deducted from: a? + b? +c? > ab+bc+ac fora =xy, 
b = yz, c = 2x, it remains to be proven that: 


x+y |ytzZ yz |Z+x x+y 
> |——: . 
x+y+zZ2 | 7 | 7 + | 7 | 5 t: | 7 


Z+X 
2 


or 


2ZxtytzeJ/xty: fytztJ/ytz-vztx4+J/xt+y 
-VzZ4+Xx 


or: 
2et+ytz)=xtytxtz+yt+z= 


-(J49) + (WEF2) + (FD 2 
Sl/xty f/ytz+J/vV tz vzZ+x+J/x+y-vz4+x (the 


inequality a? + b* + c* > ab + bc + ac being used) 
We identify equality in x = y = Z. 


Problem 136 


Let n € N*. Show that there are no integers x1, X2, ...,X14, Such that: 
xtt+xg+--+xf, =2 00..01 5 


by n—times 
Solution 


The following result will be used: ” The rest of the fourth power of an 
integer is 0 or 1 at the division with 16”, i.e.: x* = 0(mod16) sau x* = 
1(mod16). 
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Certainly: 
if x = 2k,k €Z>x* = 16-k* = 0(mod16), and 
if x=214+1,LEZ>x? = 41(1+ 1) = Mg +1, (since I(1 +1): 
2) and then x* = MZ + 2-Mg +1 = 1(mod16) 
Thus, according to the previous result : xf + x} +-+++xf, = r(mod 
16) where r € {0,1,2,...,14}. 


Since 2 00...01 5 = 15(mod 16) we obtain the requirement of the 
by n-times 
problem. 


Problem 13774 


Determine the prime numbers p and q so that p* — q and p* + q be 
prime numbers as well. 


Solution 


Evidently, p and q cannot be odd simultaneously. 
Therefore, we identify two situations: 


- Ifp=2516—qsi16+q prime numbers, gq = 3 andq = 
13. 
- Ifq = 2 then p* — 2 si p* + 2 must be prime numbers. For 


p=3k4+1>p*+2=(6k4+1)*+2=M34+14+2= 
M3 si p* + 2 > 3, thus p = 3k, where p = 3 and then p* — 
2=34-2=79, p*+2 = 3442 = 83, respectively. 
To conclude, p = 2,q =3;p =2andq = 13, p = 3 andq = 2 are 
the requested numbers. 


*4 Problem for the 5th grade by Prof. Tutescu Lucian and Prof. Grigorie Dan- 
Lucian - Craiova. 
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Problem 13875 
Let x,y > 0 six? + y? = x —y. Show that: 
x‘y<il, 
ie a ae ea 
Solution 


3_./3 a3 
wey cS a1 Sx y<landx?ty? <1. 


ae es x-y x-y 


Problem 1397° 


Let f:[1918; 2018] >R, f continues on [1918; 2018] and derivable 
on (1918;2018) such that f(1918)=1918, f(2018)=2018. 
Show that there are x1, X2 ,.....X100€(1918;2018) all distinct so 
that f(x) +f (x2) +.... +f’ (100) =100 


If, in addition, f is strictly ascending, show that there are y,, 
1 1 


ftv) oe f'(y2) a 


Yo »--,YnE (1918;2018) all distinct so that 


1 


us f'(V100) ea 


Solution 
We apply Lagrange’s theorem on the following intervals 
[1918; 1919], [1919; 1920],...,[2017; 2018] (one hundred 
intervals) and we identify: 


f(1919) - f(1918) =(1919 -1918) f(x) , x1€ (191851919) 
f(1920) — f(1919) =(1920 -1919) P(x2) , X2€ (191931920) 


f(2018) - (2017) =(2018 -2017) P(X100) , X100€ (201732018) 


*5 Problem proposed by Prof. Tigae Alina and Prof. Miu Simona - Craiova. 
26 Problem proposed by Prof. Tutescu Lucian. 
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from where, by addition we obtain : 
(2018) - f(1918)= f'(x,)+f(x2)+.... +P (X100), Le. 
P (xi) +f (x2) +....+P (X100)=2018-1918=100,CU X1<X2 <....<Xio0 (distincts). 
c) Let ao = 1918<a;<a2<...<aioo = 2018 such that f(a.) = 1019 , 
f(az) = 1920, ... , f(aioo)=2.018 (there are a, , a2, ... , Avoig from 
continuity and monotony). 


By applying Lagrange’s theorem on the intervals 


[ao; ay], [a4; az, weny a A100], we obtain Flas) F(@0) =f (1 ) cu ai 
1740 


= f(y.) or — ; 7 ; = a: — ao, With yi€ (ao , ar) -=— p 


= Aico — AggV100€ (agq » Aioo) 


(ao, ai) , whence a > 


1 
=ao- a,y2€ (ao : 0, araam Py io0) 


By addition => —— = 100, hence y, < y> 


1 1 
ae Se a 
fi a ft(y2) f'(100) 
<...<Yn 


Problem 14077 


Let a > 0,a # 1 fixed. Solve in R the equations: 
a) log,(x + 2021) = log,(a + 2021) 
b) log, («2°21 + 2021) = log, (a? + 2021) 


Solution 


In(x+2021) In(a+2021) In(x+2021) Inx . 
a) Wehave ————~=———— sau ————~=—, Le. 
Inx Ina In(a+2021) Ina 
logg+2021 X + 2021 = log, x = y and from where x = a’, 
x + 2021 = (a + 2021)” 


a y 
a’ + 2021 = (a+ 2021)’ © (son) 


1 y 
Feet (- a sn) a 


*7 Problem for 10th grade by Prof. Mirea Mihaela and Prof. Grigorie Dan - 
Craiova. 
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Sinée and —>—< 1>y=1.Thenx=a 
a+2021 at+2021 


b) a) > logg20214.9923(x*°*? + 2021) = loggx =y>x =a" 
(a2941 + 2021)” = x2941 + 2021 and then (a20?1 + 
2021)” = a?971Y + 2021 

q2021 y 1 y . 
=> (i) + 2021 [=r = 1, one solution 
only (monotony) y = 1 and whence x = a. 


Problem 1417° 
Find the area of an ABC triangle, if AB = 3, BC = 7 and the median 
BD=4., 
Solution 


2(BA?+BC*)-AC? 
A > 


From the median theorem BD? = 4-42 = 


2(3* + 77) — AC? => AC? = 2-58-64 = 52 

From Heron’s formula: 

S? = p(p — a)(p — b)(p —c) 
= (at bt o(-atb+ola—b+cjatb 
~c) 

7 = (2a? + 2b*c? + 2c*a* — a* — b* —c*) 


Since BC = a = 7,ac = b =V52 and AB = c = 3, by replacing we 
find: 


1 
S? = 75 (2-49-52 42-52-9+2-9-49 — 2401 — 2704 — 81) 
=> 


1 
$2 = 7g 1728 = 108 > 5S = 6v3 


28 Problem for the 10th grade by Prof. Prunaru Constantina and Prof. 
Cremeneanu Luiza - Craiova. 
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Problem 142 


Solve in R the equation : 


Xy + y7Z2+ 2x = 2x?,/y—1+ 2yvz—14+277vVx—-1. 


Solution 


The equation is written (evidently x21,y=1,z21) 

2 2 2 
(fy — = 1) + y(vz— = 1) + 2? (vx -1- 1) =o, from 
where ,/y —1l=vzZ-1==vx-1  =1,ie. x=y=z=2. 


Problem 143 
Find the integers x, y, so that x(x+1) = y (y +3). 


Solution 


We have 4x* + 4x = 4y? + 12y => 4x* +4x +1+8=4y*+12y+9 or 
(2x+1)* +8=(2y+3)* or 
(2y+3)* - (2x+1)? =8 => (2y+3-2x-1)(2y+3+2x+1) =8 => (2y- 
2X+2)(2y+2x+4) =8 => 
(y-x+1)(y+xX+2) =2 => 

yon tie 
uf +x+2=-2 


=> Z2y = —6=> y=-3 =>-3-K=-2 =>x=1=> 


— 
x=-2 
= 1=-—-2 
Nee oe => 2y = —6=> y=-3 => -3-X+1=-2=> X=0 => 
eer 
x=0 
y-xt1=1 y=0 
sees => 2y=0 => y=0 =>x-0 => {7% 70 
y-xt1=2 y=0 
re ee aes 


PiceeeuibuRe = eh Ie ee 
SRS eo 8 yp Ses yO lay SO 
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Problem 144 


Show that: 5*3 #133" © 315 > 2° © 135° 318 ¢ 53" 


Solution 

13.4 231.945 26 16,4210 8 10 

bo ale Oh aaaen fe 8 8 = 13 = 13°°°13 2 (=) . (=) sae 210 _ 210 
135-3413-531 318.518 318-58.510 155 5 


Problem 145 
Determine f : R --> R, 
such that f(f(xy)) = |x| f(y) + 2019fy) , V xy € R. 


Solution 

By substituting x with y => f(f(yx)) = |y| f(x) + 2019f(yx) => |x| 
f(y) = ly] fx) 

For y=1 => f(x) = |x| f@) 

For x=y=1 => f(f(a)) = f@) +2019f(1) => f(f@)) = 2020f(1) () 
From f(x) = |x| f(a) taking x=f(G1) => f(f(a)) = |f(@)| f@) () 
From (1) si (2) => |f(a)| f@) = 2020f(1) or f(1) (|f(@)| - 2020) =o 
and then 

f(1) € {0, —2020,2020} 

we obtain the following reuslts: f(x)=o0, V x € R ; f(x) =-2020|x| , Vx 
ER; f(x) =2020|x| ,VxER. 


Problem 146 


Let ABCD and AEFG be two sqaures, such that GE(AB) and AE(ED). On 
the line (EB consider point M, so that MD Q (BC) ={H}. Show that if E, 
G and H are collinear, then ME = MD. 


Solution 


E,F,Gcollinear => m(HED) = m(GEA) =45° 
Projecting H on ED in H and {F’}=EF N BH => EFHH square with 
EH bisector, 4FEH . 
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FB=HC and A BEA = AHDH => 4BEA = 4 HDH are obtained, i.e. 
A MED isosceles with ME =MD. 


Problem 147 


The measures of the angles of a convex polygon form an arithmetic 
progression with the 3° ratio. Knowing that the largest of the angles of 
the polygon has 177°, find out the number of sides that the polygon can 
have. 


Solution 


The angles of the polygon are 177°, 174°, 171°, 171°,... , 177° -3° (n- 
1) and then (177° -(n-1)3°) + (177° -(n-2)3°) + ... +177° = (n-2) 180° < 
n(n-1)3° 

2 
354°n - 3°n’ + 3°n = 360°n - 720° <=> 3n’? + 3n- 720° =o |:3 = 
> n’?+n-240 =0 


=> n177° - =(n-2) 180° 


A =1+ 4: 240 = 961 


the polygon has 15 sides and the angles 135° , 138°, ..., 174°, 177°. 


Problem 148 

xnti_y~-Mt1) xN_x-n 

Let nEN* and x>1, xER. Show that ——————- > ——— 
nt+1 n 
Solution 
an+2_4 x2n_4 

We have Gat ae n(x2"*? - 1) > (n+1) x (x?"-1) |: x- 
1>0=> 


m(x?*? 4x79 + 0 +x? +x +1) > (41) (77 FX°TT +O +X? +X) <=> n 


xemtt tx?” +. tnx? +nx +n > nx?” +nx?™ +... tnx? +x + X77 4X70 


+... $X? +X <=> 


2n+1 2n-1 


nx tn > xX? 4x?PF 4 +x? 4K 


Proving that x7"*1+1> x2™?* + xk k=1,.,n 
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xem ty > XD 4x 
xen +1 > xem +x? 


X2MH gg > ent gyn and by addition, 


x21 44> x2nk 4xkr1 ; k 
ant _ x2nk +14 xktt >o 
x2 okt a) — (xk - 1) > 0 <=> (7 *- 1x" -1) > 0, forx > 1. 


T 
S 
3 


Problem 149 


Calculate: 
(xyzt + mnuv) : 5= 
if xn +my = 81 and zv + ut =125 


Solution 


xn +my = 81 and zv +ut =125 

We write the numerbers in base 10 

10x+n+10m+y=81, multiply the relation by 100 

10Z+V+10U+t=125 

=>1000x+100nN+1000M+100y=8100 
10Z+V+10U+t=125 

By addition: 

1000X+100N+1000M+100y+10Z+V+10U+t=8225 

By grouping the terms: 

(1000x+100y+10z+t) + (1000m+100N+10U+V)=8225 

xyzt + mnuv = 8225 

(xyzt+mnuv):5=8225:5=1645 


Problem 150 


The rest of dividing a number by 8 is equal to 7, and dividing by 9 is 
equal to 3. Find out the rest of the number distribution at 72. 
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Solution 


Let n be the given number. 
Then, 
n:8= c, remainder 7 
n:9=C. remainder 3 
From the division with remainder theorem, we obtain 
n=8c ,+7 
N=9C2 +3 
From the multiplication of the first relation by 9 and the seond one by 
8 the following results are obtained: 
on=72 Cc, +63 
8n=72 C2 +24 
We reduce the relations: 
gn-8n=72c, + 63 -72C2 - 24 
nN =72(C; - C2)+39 
From the division with remainder theorem it results that the reminder 
of the division of n to 72 is 39. 


Problem 150+1 


It can be noted that 
12? = 144,212 = 441,137 = 169,31? = 961, 
20217 = 4084441, 12027 = 1444804, 
2022? = 4088484, 22027 = 4848804. 
These numbers have the property that the square of the upheaval is the 
overthrow of the square. Show that there are infinitely many such 
numbers. 
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Solution 
By direct calculation show that the numbers of the form 1100...01 verify 


the requirement of the problem. 
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